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C-measure

Let 9t be a o-algebra on a set X. A C-measure on 91 is a function
pw:IM—C
such that

{E;} C M partitions E € M = w(E) = Y u(E;)

i>1

-

« The convergence of .., u(E;) is now a requirement for every partition of E, unlike for
positive measures where the series could converge or diverge to oco.
« Because E = |J;., E; does not change under a rearrangement of (E;) the series

> i>1 #(E;) must actually converge absolutely.

dominating a complex measure with positive measures

Any positive measure (X, 9, A) that dominates a complex measure (X, 9, 1), meaning

EeM — |u(B)| < AB)
must have

{E;} partitions E € M = A(E) =Y _AE) =Y |u(E)|

i>1 i>1

So A(E) is at least equal to the supremum of all possible sums on the right that is

So for any such A we have
ME) > |ul(E)

| (E) > |u(E)|

But actually |u| itself is a measure!

So our problem of dominating p with a positive measure does have a solution.

space of all complex measures

Let (X,901) be a measurable space then space of all complex measures on 9t
Meas(M, C)
is a C-vector space with norm being the variation measure of X

[lall:= [l (X)

.

\

decomposition of signed measures
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Absolute continuity

e

<Y Definition. Absolute continuity of measures

Let p: 9t — [0, 00| be a positive measure on a measure space (X, 1) and let
A: 9 — [0,00] or C
be an arbitrary measure (positive or complex). Then
+ )\ is absolutely continuous with respect to p, A < p if
VE € M, (u(E) =0 = A(E) =0)
« X is concentrated on A € M if

VE € MA(E) = A(ANE)
<= VEEMENA=0 — XE)=0

decomposition of complex measures

& (Lebesgue decomposition of complex measure relative to a positive measure and
Radon-Nikodym description of \,;) Let (X, 9, u) be a positive o-finite measure
space and A be a complex measure on 9. Then there is a unique pair of complex
measures Aq, Ag on 91 such that

A=A+ A
Ao K 1
As L

called the Lebesgue decomposition of A relative to u.
If A: 9 — [0, 00) is positive and finite, then so are A4, As.
Moreover there exists an unique h € L*(X, 9, u) such that

Eem — )\a(E):/hd,u
E

and is called the Raydon-Nikodym derivative of A, with respect to u

d\, = hdp or h = dAa
dp

consequences of the decomposition

& (Polar decomposition of C-measures) Let (X, 9, u) be a C-measure space. >
Then there is a measurable function

h:X —-U(l)cC
such that

dp = hd|p|
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