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Hardy-Littlewood maximal function of L1
loc

(Rn)

Let f ∈ L1
loc

(Rn, m) then

(Mf)(x) := sup
δ>0

1

m(B(x, δ))
∫

B(x,δ)
|f|

is the centered Hardy-Littlewood maximal function

(Muf)(x) := sup
δ>0,|x−y|<δ

1

m(B(y, δ))
∫

B(y,δ)
|f|

is the uncentered one

M(f) = M(|f|) ≥ 0

and M is thus positive and semi-linear

M : L∞ → L∞

with

∥M(f)∥∞ ≤ ∥f∥∞

M(f) ≤ Mu(f) ≤ 2nM(f)

The linear functional

is thus supremum of convolutions with dilations of the characteristic of the ball.

(Muf)(x) = sup
δ>0

1

m(B1)δn
∫

y∈Rn

|f(x − y)|χB1 (
y

δ
)

= sup
δ>0

|f| ∗
χB1 (

y

δ
)

δn

χB1,δ



(Hardy–Littlewood maximal inequality) The operators

map

M, Mu : L1 → L1,∞

with norm ≤ 3n and

M, Mu : Lp → Lp
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with norm ≤ 3n/p p

p−1 . Moreover for f ∈ L1, α > 0 we have weak-boundedness

m(Mf > α) ≤
c(n)

α
∫

Mf>α

|f|

where c(n) ≤ 3n
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