
Compact subsets of a metric space

Hence, we define a subset to be compact if it satisfies any if the above equivalent properties.
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A subset A of a metric space M is sequentially compact

⟺

it is covering compact

Sequential compactness of a subset of a metric space

A subset A of a metric space M is sequentially compact if every sequence

(an) ⊆ A has a subsequence (ank
)k∈N that coverges to a limit in A.

Covering compactness in a metric space

If every open covering of A ⊆ M has a finite subcovering of A then A is

covering compact.

Compact subsets of a metric space

By their equivalence, a compact subset is defined by either of these definitions

and

Sequential compactness of a subset of a metric space

A subset A of a metric space M is sequentially compact if every sequence (an) ⊆ A

has a subsequence (ank
)k∈N that coverges to a limit in A.

Covering compactness in a metric space

If every open covering of A ⊆ M has a finite subcovering of A then A is covering

compact.

K = {x1, … xn} be a finite set

​ Let {Uα}α∈A be any open covering of K

Then ∃αi ∈ A such that

xi ∈ Uαi

for all 1 ≤ i ≤ n

Clearly K ⊆ ⋃i Uαi

Hence, {Uαi
}1≤i≤n is a finite subcovering.

Every compact set of a metric space is closed and bounded.

Let (X, d) be a compact metric space and f : X → R be a continuous function. Then f

is bounded and f attains its maxima and minima.
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