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Fixed points of continuous endomorphisms of the n-
disk

endomorphisms of the closed n-disk

=] (Brouwer's fixed point theorem) Let ¢ : D" — D" be a continuous map for n > 2,
then it has a fixed point.

reducing to the smooth case
[1]

proof for the smooth case

Proof. The first part of the proof consists in reducing to the case where ¢
is a C>*° map. We will not give the details here (see [45]). Next, starting
from ¢, which is assumed to be C* and without fixed points, we construct a
retraction

r: D" —s §n1

by sending 2 € D™ to the intersection point of the sphere S”~! and the ray
starting at ¢(z) and going through z. This way, if x is a point of the sphere,
it stays in place. We thus have a C*° map r that restricts to the identity on
the boundary. Sard’s theorem asserts that this map has regular values. Let

a € 8" be one of them; then r~*(a) is a submanifold of dimension 1 of D™,
with boundary
or~(a) =r"'(a) NOD™ = {a} .

But a manifold of dimension 1 with boundary is diffeomorphic to a union of
circles and closed intervals, so that its boundary consists of an even number
of points. This gives a contradiction, and therefore the existence of a fixed
point. O
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