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Complex ODEs in C

Complex ODEs of order 2 in C

we may convert the
Cauchy problem

) n—1 ) 0 1 0
¥+ biy'(x) =0 | 0 1
=0 [52] =
—b; —by —bs
solution y(2) w(z) € 0(X,C")
global solution on simply
connected X
onto the simply connected .
dw = (p*A)w

cover

p:UX)— X

matrix differential equations on simply connected domains

= For any holomorphic
A:U — Matc(n)

on a simply connected open U C C and any choices of zg € U and wy € C", there
exists an unique holomorphic function w : U — C" such that

0
aw(z) = A(z)w(z) on U

such that w(zg) = wy.

on CP'\ {ay,...,a,}
Let X := CP'\ {ay,...,a,} and

p:UX)— X
be the simply connected cover.

The bundles are trivial, so we need not worry about sections. (?) We can easily translate

between C™-valued forms and C"-valued functions

A : U — Matc(n) A € Q'0(X,Matc(n))
equation %w(z) = A(2)w(z) dw = Aw
solution w:U—C" we NO(X,C")
lift to universal over
dw = (p*A)w

fundamental systems 5 ds AS

5, 54=AS4 AT aed

z

we lift the problem to the universal cover
Given A € Q'0(X, Matc(n)), let
La < OU(X),Matc(n))
be the n-dimensional complex vector space of solutions to
dw = (p*A)w
Then

m(X) ~ L4

w s (e HY'w=woo "

is a representation of mq(X).

fundamental system of solution

We may think of

S4:U(X) — GL¢(n)
as the matrix formed by an ordered basis for L 4.
action of m; on fundamental system

fundamental systems

choice of "initial" or a choice of basis of solutions
basepoint

choice zo €U ordered basis w; € L4
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choice of "initial" or a choice of basis of solutions

basepoint

a fundamental system For a given A : U — Mat_(n) | (w;)
and zg € U
SA,zO = [Sl Sz e Sn] :

be the holomorphic function
such that the columns S; is
the unique solution of

0S;
0z

= ASZ, Si(ZO) = €;

U — IsomVec(L 4,C"), zo +—

chooses a basis for us

Then Sy ,, uniquely satisfies

084,z

82 - ASA,ZQ, SA,Z()(ZO) =

change of choice

Evidently
w(z) = 4,5 (2)wo

is the solution for the initial
condition w(zp) = wp.

Let

Fa C(OU, GLc(n)), x)

be the set of all
fundamental systems for all which should be a GL¢(n)-
such choices.

What we achieved is: given a
basis of £ 4, we constructed
a fundamental system

IsomVec(L 4,C") — F4 C (O

torsor isomorphism.

AA,zo := det SA,zo

uniquely solves the
differential equation

0
5o A = tr(A)As,
dependence on A We package this in the in

the description A Fa
O(U,Matc(n)) x U — (O(U,
(A, zo) — SA,zO

which speaks only of U C C
and matrices and nothing of
C™, but one may think of
this as the "exponential" of
the holomorphic matrix
vector field on C™?

Claim:

S4:U — GL¢(n)
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Laplace operator on R"
1*(R)

Lebesgue measurable subsets of and functions on R”, 7", ™

Lebesgue measure of boundary of open sets in R”

Local R-algebras
I"(R)

Metric density of subsets of R"

Monotone functions on R

Cauchy_integral of periodic functions

Polygons with integer vertices

Open smooth maps U C R? — C

Discrete subgroups of R"”

Discrete cocompact subgroups of R™,_flat tori

Ramified germs of smooth and holomorphic functions

Open subsets of R™

Closed subsets of R"_equipped with smooth functions

Quasi-analytic smooth functions on R

Star-shaped subsets of R"
ODEs in R™ <+ Vector fields in R™
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