
Complex ODEs in C

Complex ODEs of order 2 in C

we may convert the 

Cauchy problem

y(n)(z) +
n−1

∑
i=0

bi(z)yi(z) = 0
[ ] =

solution y(z) w(z) ∈ O(X, C
n)

global solution on simply 

connected X

onto the simply connected 

cover 

p : U(X) → X

dw = (p∗A)w

matrix differential equations on simply connected domains

on CP 1 ∖ {a1, … , an}

Let X := CP 1 ∖ {a1, … , an} and

p : U(X) → X

be the simply connected cover.

The bundles are trivial, so we need not worry about sections. (?) We can easily translate

between Cn-valued forms and Cn-valued functions

A : U → MatC(n) A ∈ Ω1
O(X, MatC(n))

equation ∂
∂z

w(z) = A(z)w(z) dw = Aw

solution ω : U → Cn w ∈ Ω1O(X, Cn)

lift to universal over
dw = (p∗A)w

fundamental systems
∂

∂z
SA = ASA

dSA = ASA

we lift the problem to the universal cover

Given A ∈ Ω1O(X, MatC(n)), let

LA ≤ O(U(X), MatC(n))

be the n-dimensional complex vector space of solutions to

dw = (p∗A)w

Then

is a representation of π1(X).

fundamental system of solution

We may think of

SA : U(X) → GLC(n)

as the matrix formed by an ordered basis for LA.

action of π1 on fundamental system

fundamental systems

choice of "initial" or a 

basepoint

choice of basis of solutions

choice z0 ∈ U ordered basis wi ∈ LA
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∂wi

∂z

⎡⎢⎣ 0 1 0

0 0 1

…

−b1 −b2 −b3 …

For any holomorphic

A : U → MatC(n)

on a simply connected open U ⊆ C and any choices of z0 ∈ U and w0 ∈ C
n, there

exists an unique holomorphic function w : U → C
n such that

∂

∂z
w(z) = A(z)w(z) on U

such that w(z0) = w0.

π1(X) ↷ LA

w (σ−1)∗w = w ∘ σ−1σ
∣−→
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choice of "initial" or a 

basepoint

choice of basis of solutions

a fundamental system For a given A : U → Mat
C
(n)

 and z0 ∈ U  

SA,z0
:= [ ] : U

 be the holomorphic function 

such that the columns Si is 

the unique solution of 

∂Si

∂z
= ASi,  Si(z0) = ei

(wi)

U → IsomVec(LA, C
n),  z0 ↦

 chooses a basis for us

Then SA,z0
 uniquely satisfies 

∂SA,z0

∂z
= ASA,z0

,  SA,z0
(z0) =

change of choice

Evidently 

w(z) = SA,z0
(z)w0

 is the solution for the initial 

condition w(z0) = w0.

Let 

FA ⊆ (O(U , GLC(n)), ×)

 be the set of all 

fundamental systems for all 

such choices.

What we achieved is: given a 

basis of LA, we constructed 

a fundamental system 

 which should be a GLC(n)-

torsor isomorphism.

ΔA,z0
:= det SA,z0

 uniquely solves the 

differential equation 

∂

∂z
ΔA,z0

= tr(A)ΔA,z0

dependence on A We package this in the in 

the description 

which speaks only of U ⊆ C 

and matrices and nothing of 

C
n, but one may think of 

this as the "exponential" of 

the holomorphic matrix 

vector field on Cn?

A ↦ FA

Claim:

SA : U → GLC(n)

Current note has 1 direct children and 1 total descendants.

And it has 39 siblings.

S1 S2 … Sn

IsomVec(LA, C
n) → FA ⊆ (O

O(U , MatC(n)) × U → (O(U ,

(A, z0) ↦ SA,z0

stem

​ subobjects of and functions on Rn,Sn,Cn and its quotients Γ\R
n

, Γ\C
n

​ Complex ODEs in C

​ Complex ODEs of order 2 in C

stem

​ subobjects of and functions on Rn,Sn,Cn and its quotients Γ\R
n

, Γ\C
n

​ Holomorphic functions on spaces over C of dimension 1

Open subsets of Rn with C2 boundary

Complex ODEs in C

Circle packing on R2

Circle packing converges to the Riemann biholomorphism

Bounded connected open subsets of Cn

Connected circular open subsets of Cn

Continuous functions on Rd

Dyadic cubes

Curves

Differentiable functions

Differential forms on Rn

Fourier-Wigner transform

Harmonic functions composed with conformal maps

Hilbert transform

Fourier-Cauchy-Poisson correspondence of holomorphic and harmonic functions

on the unit disk and their boundary values

Holomorphic subsets of Cn
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Orientable hypersurfaces in Rn
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Laplace operator on Rn

l∞(R)

Lebesgue measurable subsets of and functions on Rn,T n,Sn

Lebesgue measure of boundary of open sets in Rn

Local R-algebras

lp(R)

Metric density of subsets of Rn

Monotone functions on R

Cauchy integral of periodic functions

Polygons with integer vertices

Open smooth maps U ⊆ R2 → C

Discrete subgroups of Rn

Discrete cocompact subgroups of Rn, flat tori

Ramified germs of smooth and holomorphic functions

Open subsets of Rn

Open subsets of Rn equipped with the flat metric

Closed subsets of Rn equipped with smooth functions

Quasi-analytic smooth functions on R

Star-shaped subsets of Rn

ODEs in Rn ↔ Vector fields in Rn
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