
Adjoint representation of a Lie group

Consider the conjugation action

and observe

cx(i) = xix
−1 = x

thus the action fixes i ∈ G.

Thus

dicx : g → g

are linear maps. These are Lie algebra homomorphisms because cx are group homomorphisms.

This gives the linear action

equivariant with conjugation

By definition, for the 1-parameter subgroup

t ↦ x exp(tY )x
−1

we have

d

dt t=0
x exp(tY )x

−1 = dicx(Y ) = Adx(Y )

thus

exp(AdxY ) = cx(exp Y )

giving us the commutative

ad

We have the derivative of the group action

In particular,

thus

where the first exponential the one on gl(g) → AutVecR(g).
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c : G → AutLieRGrp

x ↦ cx(g) := xgx−1

Ad : G → AutLieR(g)

x ↦ Adx := dicx∣The derivative of Adjoint

is the adjoint action

by the Lie algebra onto itself

DiAd = ad : g → Der(g)

Ad : G → AutLieR(g)

x ↦ Adx := dicx

ad : g → Der(g)

X ↦ [X, −]

d

dt t=0
Adexp(tX) = adX∣exp(adX) = Adexp(X)
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