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Let

f : [a, b] → [a, b]

be a continuous function. Then there is a point x ∈ [a, b]

PLACEHOLDER

such that

f(x) = x

that is, a fixed point.

A continuous function

f : [a, b] → [a, b]

means

f(a), f(b) ∈ [a, b]

Then consider the continuous function

[a, b] → R

x ↦ f(x) − x

​ This function maps

a ↦ f(a) − a ≥ 0

b ↦ f(b) − b ≤ 0

If both values are not equal, by

we have a point c ∈ [a, b] where

f(c) − c = 0

(Intermediate value theorem for continuous [a, b] → R) Let

f : [a, b] → R be continuous and suppose there are two points α < β in

[a, b] such that f(α) ≠ f(β). Then f(x) takes every value between f(α)

and f(β) for x ∈ (α, β). That is

f(α, β) ⊇ (f(α), f(β))

If both values are equal, then both are zero, so the function f(x) = x on [a, b].
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limx→a
f(x)

g(x)  of functions f, g : U ⊆ R → R

Total variation and sequence of continuous functions
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