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Proper actions by topological groups on topological
spaces

~

< Definition. Proper actions by topological groups on topological spaces

Let G be a topological group acting on a topological space X continuously
0:GX
Then the action 6 is called proper if the map

Oxmy:GxX—XxX
(9,p) = (0°(p), p)

is a proper map. [1]

o Let A x BC X x X, then
(6 x ) (A x B) = {(g,m) € G x X|#(m) € A,m € B}

« Now its projection onto G is

m1((@x m) H(AXx B))={g€G3meB:¢(m) € A

s Brgo ! (A)#0

o« For A= B = K we have

m((@xm) HK xK)={geG|Kno (K)+#0
= 99&{)01{760
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=:Gg
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o Let
0:G X

be a continuous action.

» Let 0 is a proper action. Then for any compact K C X we have

GK = 71'1((9 X 7T2)_1(K X K))

(. J/

Vv
compact

Thus Gk is compact.

Now let X is Hausdorff and for every compact K C X. Any compact subset
L C X x X we have a compact set K := m(L) Ume(L) such that

LCKxK
= (Oxm) HL)C(@xm) (KxK)CGxgxK
N———— N——
closed compact

o Thus by
“ Proposition: A closed subset of a compact space is compact.
(6 x m3)~1(L) is compact for every compact L C X x X.

« Thus 0 x 7y is a proper map = 6 is a proper action.

Hence,

B Let G be a group acting on a Hausdorff space X continuously
0:GX

Then the action 0 is called proper < for every compact set K C X

G :=m((0 x m) (K x K)
={9eGI(K)NK #0} C G

is compact.
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1 || ¥ Definition. Proper, perfect, universally closed maps

A continuous map f: X — Y between topological spaces is

proper if preimage of compact sets K C Y, f (K) are compact in X

Bourbaki-proper if for any topological space Z the product map
dz x f: ZxX —>ZxY

is closed
perfect if f is closed and has compact fibres (f1(y) is compact for all y € Y)

universally closed if for every continuous map g: Z — Y the pullback
g Xy f I xy X — 2
is closed

sequential escaper if for any sequence {z,}, . € X escaping to infinity then
{f(xn)},cn escapes to infinity

o
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