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sin x

sin  is uniformly continuous on R

) ) (m+y> . <m—y>
sinz — siny = 2 cos — sin 5
2cos<w;y>sin<m;y>‘

2

Let z,y € R then

Now

sinz — siny| <

IN

For any € > 0 choose § := min{2,€}. Then

|z —y| <6 = |[sinz —siny| <2< I<e

But it's actually very easy to show this using
& (Lagrange's mean value theorem) Let a continuous function
fila,b] = R
be differentiable on (a,b). Then there is a point ¢ € (a,b) at which

f(0) = f(a) = (b—a)f'(c)

cfjemceqecccccaC=g~====¢

as %Sinaz = cosx we have

Va,y € R,3z € (x,y) such that
|sinz — siny| < |z — y||cos 2|
<z —y

So choosing § = € does it.
sinz| < |z|

We may observe

geometrically
“linvertmix

interior of AABC C interior of AABD
—> area(AABC) < area(AABD)
= |sinz| < |z|

for z € [—%, %}
by the mean value theorem
o As
sinz : [e,1] - R

is continuous and differentiable on the interior, by
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& (Rolle's theorem extended by Cauchy) Let a continuous

fila,b] > R
f(a) = f(b)

such that

f':(a,b) > RU {00, —c0}

exists. Then there is a point in the interior where the derivative is zero

Je € (a,b) such that f'(c) =0
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f:la,b] = R

for f.

By

. || B (Extremum value theorem for continuous [a,b] — R) Let

be continuous, then a global maxima and a minima exists M, m € [a, b]

global maxima and a global minima.

E A continuous function from a compact metric space to R has a

>

+ Define M, m such that f(M) = sup f and f(m) = inf f

« If one of M, m is in the interior (a,b) then f'(m) =0 or f'(M) = 0 at that

extremum value because of

must be zero

Therefore,

& (Derivative, if it exists, must be 0 at local extremas) Let a
function f: (a,b) — R have a local maxima or minima at
€ (a,b). If f has an extended derivative at c then the derivative

f'(c) e RU{—00,00} = f'(c)=0

{local extremum of f} C Z(f')

>

o If M,m € {a, b}, then

fla) = f(b) = M =m

so the minima and maxima values are equal so the function must be a

constant: f(a) = f(b) = f(x) for all z € (a,b). A constant function is

always differentiable and derivative is zero: f'(z) = 0 for all z € (a, b).

for every z € [0, 1] there exists a ¢ such that

sin(z) — sin(0)
z—0

=cos(c) <1

« Hence, on [0, 1] we have

sin(z) <z

« For z € [1, 00] we know

sine <1

on R, hence

1<x — sinz <z
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