() Info

This note, that was found here, as a part of a collection

is written (completely with human hands) by Rupadarshi Ray,
was created on June 14, 2026 4:42:14 PM,

was last modified on September 7, 2026 1:11:14 PM, and
was exported on September 7, 2026 3:09:59 PM.

Size of holomorphic image of disks
Let

f:D—C
f(0)=0

be a holomorphic map. Then it has two quantities associated with it
« the magnitude of its derivative at 0
|£'(0)]
 the sup norm

£l

bounded
If | f]l, < oo, we may scale f so that one of them is 1. Let us consider this case
fe (D), f(0) =0, £(0) =1, |l < o0
that is, elements of
0> (D) Nkerevy
with derivative 1, which an affine subspace
0> (D) Nkerevg N D, (1)
These are the bounded functions of the form
f(2) =2+ a2 + ...
By
& (Cauchy's bounds on derivatives of holomorphic functions) Let f € &(U). Then

1@ _ a0l

n! P

such functions have sup norm at least 1.
| 1l oo : O%(D) Nkerevy ND;1(1) — [1,00)

The functions with Il Il oo = 1 are precisely rotations.

0>(D) Nkerevg

1)

However, the functions with Il Il =1 = > 1 form a larger space.

0>(D) Nkerevy

I leo =1

y

<Y Definition. Conformal radius of pointed simply connected open subsets of C

Consider a simply connected open subset 2 C C and some a € §2. The unique map in

& (Riemann mapping theorem) Let  C C be a simply connected open, proper >
subset of C. Then there exists a biholomorphism from  onto the unit disk

f:Q2—D
Moreover, given a € €2 there is a unique biholomorphism

f:Q—D
f(a)=0,f'(a) >0

has a f'(a) € (0,00). The conformal radius of (22, a) is

rad,(Q) :=

f'(a)

|

0>*(D) Nkerevo N D, (1) = z + 220%°(D)
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