
Tangent bundle of a smooth vector bundle

smooth manifold/vector bundle atlas

Let 

(xα : Uα → R
dim M )α∈A

 be a smooth atlas for M.

Then 

(Dxα : TUα → R
dim M × R

dim M )α∈A

 be the vector bundle atlas for TM

Let 

(ψα : EUα
→ Uα × R

k)α∈A

 be a vector bundle atlas for E.

E
Then 

(ψ′
α := (xα × IdRn) ∘ ψα : EUα

→ xα(Uα) × R
k

 is a smooth atlas for E, giving the 

coordinates 

(x1
α, … , xdim M

α , ξ1, … , ξk)

 on EUα
.

(Dψα : TEUα
→ )

α∈A

 is the vector bundle atlas for TE

TE
We have the coordinates 

( )

 on TEUα

The diagram looks like 

V E ≤ TE
( )
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Tangent bundle of a smooth vector bundle and its vertical sub-bundle

Let

be a smooth vector bundle over a smooth manifold M.

Then we have the tangent bundle of the vector bundle

and a commutative diagram

Then

ker(DπE) ≤ TE

is the vertical sub-bundle.

(E, +E,  E)

M⏐↓πE

TE

E⏐↓πTE

TE E

TM M

  πTE  
−→⏐↓DπE ⏐↓πE

  πTM   
−→

TM M
  πTM   

−→

E

M⏐↓πE

TE E
  πTE  

−→ x(Uα) × R
k

×R
dim M+k

x1
α, … , xdim M

α , ξ1, … , ξk

η1, … , ηdim M , ζ1, … , ζk

TEUα
EUα

TUα Uα

  πTE  
−→ ⏐↓πE

  πTM   
−→

( ) ↦ (x1
α, … , xd

α

( ) ↦ (x1
α, …

x1
α, … , xdim M

α , ξ1, … , ξk

η1, … , ηdim M , ζ1, … , ζk

x1
α, … , xdim M

α

η1, … , ηdim M

TE

TM⏐↓DπE

x1
α, … , xdim M

α , ξ1, … , ξk

0, … , 0, ζ1, … , ζk
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