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(Hopf-Rinow) Let (M, g) be a connected Riemannian manifold. Then M is

geodesically complete

⟺

(M, dg) is a complete metric space

⟺

expp : TpM → M is defined for some p ∈ M

⟺

every closed d-bounded set in M is compact.

If (M, g) satisfies any (hence all) of the above, then each pair of points in M can be

joined by a length-minimizing geodesic segment. In particular, for each p ∈ M the

exponential

expp : TpM → M

is surjective.
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