
Regular representation of a locally compact group

The left translations

pullbacks functions by

L∗
xf := f ∘ Lx = f(x−)

But, it is not a left action because

L∗
x(L∗

yf) = (f ∘ Ly) ∘ Lx = f ∘ Lyx

So we define the left translation of functions by
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Left translation on a topological group

The left translation on G by x ∈ G is the homeomorphism

The left translation action of G is

Lx : G → G

a ↦ xa

L : G ↷ G

a Lx(a) = xa
x

∣−→

f τx(f) := L∗
x−1f

x
∣−→

Let G be a locally compact group with Haar measure ν, 1 ≤ p < ∞ and f ∈ Lp(G, ν).
Then

∥τxf − f∥p 0

and

∥R∗
xf − f∥p 0

x→iG

−→

x→iG

−→

Fix a compact nb V  of iG and g ∈ Cc(G)

​ Let

K := suppgV −1 ∪ V suppg

which is compact and τyg and R∗
yg is supported in K when y ∈ V .

Hence,

∥τyg − g∥
p

≤ ν(K)1/p∥τyg − g∥∞ 0

by

y→iG

−→

Let G be a topological group and f ∈ Cc(G). Then f is left and right

uniformly continuous

Uniformly continuous functions on a topological group

A function f : G → C is left uniformly continuous if

∥τyf − f∥∞ 0

and right uniformly continuous if

R∗
yf − f

∞
0

y→iG

−→∥ ∥ y→iG

−→

Now let f ∈ Lp(G) where we have

∥τyf∥
p

= ∥f∥ = Δ(y)1/p∥Ryf∥
p

Given ϵ > 0 we choose [1] g ∈ Cc(G) such that ∥f − g∥p ≤ ϵ, so

∥Ryf∥
p

≤ c∥f∥p

for y ∈ V  and then

∥Ryf − f∥p ≤ ∥Ry(f − g)∥p + ∥Ryg − g∥p + ∥g − f∥p

≤ (c + 1)∥f − g∥p + ∥Ryg − g∥p

≤ (c + 1)ϵ + ϵ

Let G be a locally compact group, ν be a Haar measure on G and 1 ≤ p < ∞. The

right-regular representation

is a well-defined strongly continuous and unitary representation of G.

G → BU(Lp(G, ν))
(gφ)(x) := φ(xg)
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Almost invariant vectors of a unitary representation
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