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1

m(Br)
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Br(x)

|g − g(x)|
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We have

and

(r,x) ↦ Arf(x)

is a continuous map.

Ar : L1
loc

(Rn) → C(Rn)

x ↦
1

m(Br(x))
∫
Br(x)

f

Mean oscillation of integrable functions

Let g ∈ L1
loc

(Rd). The relative oscillation of f on E about x is the mean of |g − g(x)| on

E

1

m(E)
∫
E

|g − g(x)|

The mean oscillation of f on E is

1

m(E)
∫
E

g − (
1

m(E)
∫
E

g)∣ ∣Let f ∈ L1
loc

(Rd). The infinitesimal (lim sup) relative oscillation of f on balls about

x

lim sup
δ→0

1

m(Br(x))
∫
Br(x)

|g − g(x)|

is 0 for almost all x ∈ R
d.

(Differentiation of the Lebesgue integral on balls) If f ∈ L1
loc(Rd) then

lim
r→0

(Arf)(x) = f(x) aeon x ∈ R
d

Proposition: These two theorems are equivalent.

​ Proposition:

|Arf − f|(x) ≤
1

m(Br)
∫
Br(x)

|g − g(x)|

For each c ∈ C we consider gc := |f − c| and by

conclude that

lim
r→0

1

m(Br)
∫
Br(x)

|f(y) − c| = |f(x) − c| on Rd ∖ Ec

where Ec is a set of Lebesgue measure zero.

(Differentiation of the Lebesgue integral on balls) If f ∈ L1
loc(Rd) then

lim
r→0

(Arf)(x) = f(x) aeon x ∈ R
d

​

Lebesgue points

Let f ∈ L1
loc

(Rd). The points x ∈ R
d where the infinitesimal relative oscillation of f on

balls about x is 0 are called Lebesgue points of f and the set of all such points is the

Lebesgue set of f

Leb(f) := {x ∈ R
d lim

δ→0

1

m(Br(x))
∫
Br(x)

|g − g(x)| = 0}∣
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Proposition: From

we conclude the Lebesgue set

is a full-Lebesgue measure.

for continuous functions

For continuous functions, the average is easily obtained.

for L1
loc

Let f ∈ L1
loc

(Rd). The infinitesimal (lim sup) relative oscillation of f on balls

about x

lim sup
δ→0

1

m(Br(x))
∫
Br(x)

|g − g(x)|

is 0 for almost all x ∈ R
d.

Lebesgue points

Let f ∈ L1
loc

(Rd). The points x ∈ Rd where the infinitesimal relative oscillation of f on

balls about x is 0 are called Lebesgue points of f and the set of all such points is the

Lebesgue set of f

Leb(f) := {x ∈ R
d lim

δ→0

1

m(Br(x))
∫
Br(x)

|g − g(x)| = 0}∣Let g ∈ C ∩ L1(Rn). Then for every x ∈ R
n, δ > 0 there exists r(δ,x) > 0 such that

∀y ∈ Br(δ,x)(x), |g(y) − g(x)| < δ

​ For all x ∈ R
n, ϵ > 0, if r < r(δ,x) we have y ∈ Br(x) ⊆ Br(δ,x) then

|(Arg − g)(x)| =
1

m(Br(x))
∫
Br(x)

(g − g(x))

≤
1

m(Br(x))
∫
Br(x)

|g − g(x)|

<δ

< δ ∣ ∣

Therefore,

lim
r→0

(Arf)(x) = f(x)

for all x ∈ R
n.

Caution

By

we have a Fϵ such that f is continuous on Fϵ. Then by

we have

{lim
r→0

(Arf)(x) ≠ f(x)} ⊆ R
d ∖ Fϵ

m≤ϵ

Therefore for each ϵ > 0, limr→0(Arf)(x) ≠ f(x) on a set of measure ≤ ϵ. Thus

limr→0(Arf)(x) = f(x) on a full-measure set.

The above argument, however, is incorrect.

The function f when restricted to Fϵ is continuous Fϵ → C with respect to the subspace

topology on Fϵ. This means it satisfies

∀x ∈ Fϵ, ϵ > 0∃r(x, δ) > 0 : ∀y ∈ Br(δ,x) ∩ Fϵ, |g(y) − g(x)| < δ

(Lusin) Let f be measurable function on E ⊆ R
d with m(E) < ∞. Then for every

ϵ > 0 there exists a closed set Fϵ ⊂ E such that m(E − Fϵ) ≤ ϵ so that

f
Fϵ

is continuous. ∣Let g ∈ C ∩ L1(Rn). Then for every x ∈ R
n, δ > 0 there exists r(δ,x) > 0 such that

∀y ∈ Br(δ,x)(x), |g(y) − g(x)| < δ

​ For all x ∈ R
n, ϵ > 0, if r < r(δ,x) we have y ∈ Br(x) ⊆ Br(δ,x) then

|(Arg − g)(x)| =
1

m(Br(x))
∫
Br(x)

(g − g(x))

≤
1

m(Br(x))
∫
Br(x)

|g − g(x)|

<δ

< δ ∣ ∣

Therefore,

lim
r→0

(Arf)(x) = f(x)

for all x ∈ R
n.


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Current note has 0 direct children and 0 total descendants.

And it has 15 siblings.

This does not help us in concluding

∀r < r(δ,x),
1

m(Br)
∫
Br(x)

|g − g(x)| < δ

as the integral is on the entire ball Br(x) and not on the subspace ball Br(x) ∩ Fϵ
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