
Moduli space of quotients

Proposition:

This is the space of all marked quotients π1\
X, as in with a specified representation

π1 ↪ Isom(X, g)

(but it could be possible that some im ρ do not act freely?)

However, we could have composed with an automorphism Φ of π1(X)

π1

Φ
≅π1 ↪ Isom(X, g)

which may be a different element in the Teichmuller space but by the proposition

ρ(π1)\
X ≅ρ∘Φ(π1)\

X

so corresponds to an isomorphic quotient.

Thus
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Teichmuller space

Let X be simply connected, π1 be the fundamental group of a covering quotient of X.

Then the space of all discrete faithful representations of π1 in Isom(X, g) is

Then isometry group Isom(X, g) acts on it by conjugation

Then

Teich(π1, Isom(X, g)) := DF(π1,Isom(X,g))/Isom(X,g)

is the Teichmuller space for π1 in Isom(X, g).

DF(π1, Isom(X, g)) := {ρ : π1 ↪ Isom(X, g)|im ρ is discrete}

⊆ HomGrpTop(π1, Isom(X, g))

DF(π1, Isom(X, g)) ↶ Isom(X, g)

ρ → hρh−1h

ρ

Moduli space

The action

AutGrp(π1) ↷
DF(π1,Isom(X,g))/Isom(X,g)

has the quotient space

Moduli(π1, Isom(X, g)) := AutGrp(π1)\
DF(π1,Isom(X,g))/Isom(X,g)

called the moduli space of all quotients of X with fundamental group π1 (along with

some other points?).
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