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Let G be a Lie group g its Lie algebra. Then G admits a bi-invariant metric

⟺

there exists an Ad(G)-invariant inner product on g

⟺

the image Ad(G) has compact closure in GL(g).

Let g be a Lie algebra with an Ad-invariant inner product. Then g is a direct

orthogonal sum of simple ideals

g ≅ R
n

Abelian

⊕ g1 ⊕ ⋯ ⊕ gn

semisimple

where gi are simple non-commutative ideals. Now let G be the simply connected Lie

group with Lie algebra isomorphic to g then

G ≅ R
n

Abelian

× G1 × ⋯ × Gn

compact

where Gi are compact Lie groups.
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