
Differential forms relative to a smooth map

On Ωk(M) On Ωk[f]

ω is a closed form on M which when pulled 

back to S becomes an exact form 

dθ = f ∗ω

 on S

closed form (ω, θ) that is 

d(ω, θ) := (dω, f ∗ω − dθ) = 0

α = dω is an exact form on M which pulled 

onto S becomes dβ

(α,β) = (dω,β) whose derivative is 

(0, f ∗dω − dβ) = (0, d(f ∗ω − β))

α = dω is an exact form on M such that 

f ∗ω − β = dθ is exact on S
(α,β) = d(ω, θ) := (dω, f ∗ω − dθ)

 is an exact form

[(ω, θ)]
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Differential forms relative to a smooth map

Let f : S → M be a smooth map between smooth manifolds. Then (Ω∙[f], d)

is the cocomplex of differential forms relative to the map f.

Ω∙[f] := ⨁Ωk[f]

Ωk[f] := Ωk(M) ⊕ Ωk−1(S)

d(ω, θ) := (dω, f ∗ω − dθ)

Should we change the definition to dθ − f ∗ω?

d2 = 0

Let (ω, θ) be a form in Ωk[f] then its derivative

d(ω, θ) := (dω, f ∗ω − dθ)

is a form.

Let (ω, θ) be a closed form in Ωk[f]

d(ω, θ) := (dω, f ∗ω − dθ) = 0

which says, ω is a closed form on M which when pulled back to S becomes an exact form

dθ on S.

​ Take any closed form ω on M which becomes dθ when pulled back to S, then that

implies d(ω, θ) = 0.

we have a cohomology of the cocomplex H ∗(Ω∗[f])

Let (α,β) := d(ω, θ) := (dω, f ∗ω − dθ) be an exact form in Ωk+1[f], then α = dω is an

exact form on M and

β = f ∗ω − dθ ⟹ β − f ∗ω = −dθ

so β − f ∗ω is an exact form on S. If we pull α,

f ∗α = f ∗dω = df ∗ω = dβ

Hence, α is an exact form on M which pulled onto S becomes dβ.

​ Let α is an exact form on M which pulled onto S becomes dβ which means

α = dω, f ∗α = f ∗dω = df ∗ω = dβ

then

d(ω, ?) = (α,β)

we have the short exact sequence in cocomplex

which gives a long exact sequence in cohomology

0 → Ωk−1(S) → Ωk[f] → Ωk(M) → 0

θ ↦ (0, θ)

(ω, θ) ↦ ω

α

Chain complex of differential forms relative to a submanifold
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