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Integrable Hamiltonian flows

-

< Definition. Integrable Hamiltonian flows

Let (M,w) be a symplectic manifold and
fl)"')fk € COO(M)
such that

« (independent) df1,...,df} are linearly independent on T;7M for all p € M
« (pairwise in involution) {f;, f;} = 0 for ¢,j < dim M /2

then

if the flow of fi,..., fuax{dimar/2,k) is called
k< dimM/2 (partially) k-integrable

k=dim M/2 completely integrable

k> dim M/2 super k-integrable

k=dim M maximally super-integrable

\

Therefore, a completely integrable Hamiltonian flow is a Lie algebra homomorphism

(RE™MZ 0) — (C(M),{,})
ei — fi

such that f1,..., faim /2 are independent on M.

completely integrable systems

B Let
(M,w, f1,..., famm/2)
be an symplectic integrable system, and ¢ € R" be a regular value of
f= (1, fammye) : M = R"

then f~!(c) is a Lagrangian submanifold of M.

Now, for a connected component N of such an submanifold f~*(c) where flows of X,
are complete, then it is a homogeneous space for R™ and has affine coordinates for
some 0 < k < dim M

@ : N pygp REPMF 5 Tk

in which the vector fields X, are linear.
Also there exists a a open neighborhood Uy of N we have a symplectomorphism

Ixg:(Uy,w) = | REM o RERME 5 TF N " dz; A dy;

Zi

such that I are constants of flow.

fHe)
- f71(c) is a submanifold of M, possibly not connected

« f7!(c) is a Lagrangian submanifold of M because it is dim M /2 dimensional and its

tangent bundle is isotropic.

‘= f71(0) with two connected components, where f(z,vy) = y?> — z% + 2z
f Y=y
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o If all the vector fields X; are complete on M, this is a priori a Hamiltonian R™-action

with the vector fields X; and moment map f.

on a connected component N, of f1(c)

Choose a connected component N, of f~1(c).

« N, a Lagrangian submanifold of M. It might be compact, or non-compact.
- If all the vector fields X; are complete on N, then because [X;, X;] = 0 by flow

coordinates, N, is diffeomorphic to R! x T™ and the vector fields X; look like

0
Xi = U)ia—ei

in these coordinates.
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with N, compact and non-compact for different values of ¢

.

when N, is compact

« If N. is compact, X; are complete on N, and the flow coordinates of X; defines a

diffeomorphism onto the n-torus
6: N.=2T"

where in these coordinates the vector fields X; define a T™-action on N,.. This torus N,
called a Liouville tori.

» To ensure that we only need one f; to be proper.

= Example

~

& f () for f(x,y) = y* + cos(z) For ¢ € (—1,1) has a fibration of S! (blue) and for
¢ > 1 fibrations by R (green). This is separated by f (1) (red).
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« Now, we take the smooth map
(f,0) : M — R" xT"
which satisfies
dfi A---Adfp, AdO; A---ANdE, #0on N,
+ So by (generalized) inverse function theorem, there is a nbd U, of N, such that
(f,0): U, - R" xT"

is a diffeomorphism onto a nbd V' C {c} x T".

» The smooth map

(£,6) : (Ueyw) = (& x I3 dai A dy,-)
x; Yi
is a symplectomorphism onto its image.
« | Claim: If f: M — B C R" only has regular fibres, then there is a map
(£,6): £ (B) » Bx T"

which is a symplectomorphism.

« | Claim: This defines a fibration with fibers being Lagranagian submanifolds

diffeomorphic to torus (Liouville tori)
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« The vector fields look like

Xj = Zwij% on Uc
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« The vector fields

v; —

00;
defines a Hamiltonian T"-action on U, with moment map

f:(U,w) - R”

which is smoothly T™-conjugate to n_harmonic oscillators on the image of (f,0) in
R™ x T™.

o Is this unqiue?

« In this T"-action, X; becomes the generato ) w;v;.

« Hence, complete integrability (with necessary conditions) is a local torus action along with

Lagarangian torus fibrations.

-

= Example

g N

& fY(e) for

R?/(0,27m)Z — R
f(z,y) = y* + cos(z)

two fibrations for ¢ € (—1,1) and ¢ > 1 are have S!-fibers separated by f~1(1).
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when N, is not compact

o If N, is (possibly) not compact, but still X; are complete we take the flow coordinates
0: N, ~RFx T "
» The smooth map

(f,0) : M — R" x RF x T"*

= Example

s M)

& f1(e) for f(z,y) = y* + cos(x) For ¢ € (—1,1) has a fibration of S (blue) and for
c > 1 fibrations by R (green). This is separated by f~!(1) (red).
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N, is compact and non-compact for ¢ < 1 and ¢ > 1 and it is separated by f1(1).

[1]

an integrable system is a local torus action?

what does this say for Hamiltonian R"-actions?

o If all the vector fields X; are complete on M, this is a priori a Hamiltonian R™-action

with the vector fields X; and moment map f.

Then for regular value ¢ of
f:M—R"

we have a T™-action on a nbd of f~1(c) which is conjugate to n_harmonic oscillators.

(global) Hamiltonian torus-actions

Current note has 0 direct children and 0 total descendants.

o structures based on sets

« manifolds

« R-manifold symplectic

o Hamiltonian vector fields on a symplectic manifold
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« Integrable Hamiltonian flows

And it has 5 siblings.

« structures based on sets

e manifolds

« R-manifold symplectic

o Hamiltonian vector fields on a symplectic manifold

o Integrable Hamiltonian flows

« Singular integrable flows

» Hamiltonian Lie group action on a symplectic manifold

» Quantization of Hamiltonian Lie group action on a symplectic

manifold

» Probability states and flows of an Hamiltonian system

1. Ana Cannas da Silva - Lectures on Symplectic Geometry -Springer (2009).pdf > page=123 <2
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YouTube €

3. integrableandgroup..pdf (upc.edu) €2
4. TorusSurvey2003.pdf (univ-toulouse.fr) <2

5. Integrable systems and group actions, a love story (unige.ch) <2
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