
Borel measures on a smooth manifold
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We consider C∞(M)-linear maps

Ωdim M (M) → BM

that are flat, that is, commutes with Lie derivative with respect to all smooth vector fields.

The image of Ωdim M
M

 in sheaf BM  by any non-zero flat homomorphism is called the sheaf

of densities DM  and thus

Ωdim M
M ⊗ OZM ≅DM
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Borel measure on a smooth manifold

A Borel measure on a smooth manifold M is a linear form

such that it is continuous: if {fk ∣ k ∈ Z>0} ⊆ C
∞
c

(M) with ∥fk∥∞ ⊆ K(cpt) ⊆ M then

∥fk∥∞ 0 ⟹ ∫
M

fk δμ 0

μ : C∞
c

(M) → R

f ↦ ∫
M

f δμ

k→∞
−→

k→∞
−→

Lie derivative of smooth Borel measures

If μ is a Borel measure with the property that for a family of vector fields

X1, … , Xk

the linear form

f ↦ μ(X1 … Xkf)

on C∞
c

(M) is a Borel measure, then μ is said to be a smooth Borel measure.

The space of all smooth Borel measures on M

BM

is a C∞(M)-module by

h ∈ C
∞(M) ⟹ hμ := f ↦ μ(hf)

Lie derivative of smooth Borel measures

The Lie derivative of a smooth Borel measure μ with respect to the vector field X is the

smooth Borel measure

LXμ := f ↦ −μ(Xf)

Thus

LX : BM → BM

and

L : Vec(M) → End(BM)

To any open set U ⊆ M the assignment

U ↦ B(U)

defines a sheaf of smooth Borel measures denoted by BM

Definition

To any open set U ⊆ M we assign the set of all flat homomorphisms

Ωdim M
M (U) → BM (U)

is a sheaf of R-vector spaces denoted by

OZM
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