
Bounding holomorphic functions linearly

This produces a proof for the special case when f extends to ∂D.

For the general case,...

Info

This note, that was found here, as a part of a collection

is written (completely with human hands) by Rupadarshi Ray,

was created on June 14, 2026 3:23:57 PM,

was last modified on September 7, 2026 1:11:13 PM, and

was exported on September 7, 2026 3:09:59 PM.

(Swartz inequality: bounded holomorphic function on disk is linearly bounded)

Let f : D → D be holomorphic that fixes 0, then |f(z)| is atmost |z|, that is,

f ∈ O(D,D), f(0) = 0 ⟹ |f(z)| ≤ |z|

Moreover, f is a rotation f ≡ cz, |c| = 1 ⟺  there exists z ∈ D such that |f(z)| = |z|.

Steady-state thermal interpretation of Swartz inequality

As

z ↦ log |f(z)|

is a steady-state tempature field with a freezor at z = 0 producing negative temparature on

the unit disk

Removing the freezor/add a heater at z = 0

z ↦ log |f(z)| − log |z| = log
f(z)

z

By removable singularity, we know log
f(z)
z

≥ −M for some lower bound.

Because

By

this field is also negative on the unit disk

log
f(z)

z
≤ 0

log |f(z)| ≤ 0 z ∈ D∣ ∣∣ ∣∀z ∈ ∂D,|z| = 1

⟹ log |z| = 0

⟹ log
f(z)

z
= log |f(z)| ≤ 0∣ ∣Steady-state thermal interpretation of Maximum of holomorphic functions on is

never attained on the interior

As

z ↦ log |f(z)|

is a harmonic function, steady-state temperature, there cannot be any maximum on the

interior of a domain. ∣ ∣Suppose the holomorphic mapping

f : D → D

extends to a neighbourhood U of D.
–

​ Then

f : D → f(D) ⊆ D

⟹ ∀z ∈ D, |f(z)| ≤ 1

–––

–

The function

z ↦
f(z)

z

is holomorphic on U

Therefore,

∀z ∈ ∂D,
f(z)

z
= |f(z)| ≤ 1∣ ∣By

we conclude

∀z ∈ D,
f(z)

z
≤ 1

(Maximum of holomorphic functions on is never attained on the

interior) Let f ∈ O(U) be a non-constant holomorphic function on a open

set U ⊆ C. Then |f| has no local maximum on U .

For f ∈ O ∩ C(U) where U ⊆ C is a bounded open subset, ∥f∥∞ is attained

on ∂U .

–∣ ∣Consider a holomorphic mapping

f : D → D

such that f(0) = 0.
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Proposition: Let f : D → D be holomorphic that fixes 0,

f ∈ O(D,D), f(0) = 0 ⟹ {

Moreover, equality in either of these inequalities ⟺  its a rotation f(z) ≡ cz, |c| = 1.

Analogously,

Proposition: Consider a holomorphic function f such that

f : B(R0, z0) → B(M0, f(z0))

that is

Then

​ Then

f(z) ≡ zg(z)

for a holomorphic g : D → C.

Applying

we conclude for each r ∈ (0, 1)

g
B(r,0)

attains its maximum should lie at some point zr ∈ ∂B(r, 0).

(Maximum of holomorphic functions on is never attained on the

interior) Let f ∈ O(U) be a non-constant holomorphic function on a open

set U ⊆ C. Then |f| has no local maximum on U .

For f ∈ O ∩ C(U) where U ⊆ C is a bounded open subset, ∥f∥∞ is attained

on ∂U .

–∣–We see

∀r ∈ (0, 1),  f(zr) ∈ D

⟹ |f(zr)| ≤ 1

⟹ |g(zr)| ≤
1

|zr|
=

1

r

Therefore

∀r ∈ (0, 1), ∀z ∈ B(r, 0), |g(z)| ≤
1

r

​ Thus,

∀r ∈ (0, 1), g(B(r, 0)) ⊆ B(
1

r
, 0)

⟹ g(B(1, 0)) = ⋂
r∈(0,1)

g(B(r, 0))

⊆ ⋂
r∈(0,1)

B(
1

r
, 0)

= B(1, 0)
–

or, for every z ∈ B(1, 0)

∀r > |z|, |g(z)| ≤
1

r

|g(z)| ≤ 1
r→1

=⇒

Therefore,

|f(z)| ≤ |z| z ∈ D

By

(Open mapping theorem for open subsets in C) Let f be non-

constant holomorphic function on a connected open set U then f(U) is
open (and connected).

​ g is non-constant ⟺  |g(z)| < 1 for all z ∈ D,

and g is constant ⟺  |g(z)| = 1 for some z ∈ D

That is, f(z) is a rotation ⟺  ∃z ∈ D such that

|f(z)| = |z|

|f ′(0)| ≤ 1
|f(z)| ≤ |z|

|f(z) − f(z0)| < M0 |z − z0| < R0

|f(z) − f(z0)| ≤
M0

R0
|z − z0| |z − z0| < R0

By

on

g(z) := f(R0z) − f(z0)

(Swartz inequality: bounded holomorphic function on disk is linearly

bounded) Let f : D → D be holomorphic that fixes 0, then |f(z)| is atmost |z|,

that is,

f ∈ O(D,D), f(0) = 0 ⟹ |f(z)| ≤ |z|

Moreover, f is a rotation f ≡ cz, |c| = 1 ⟺  there exists z ∈ D such that

|f(z)| = |z|.

(Swartz-Pick inequality) Any holomorphic map

g : D → D



We may rephrase it in distance geometric terms: the Mobius distance on D

dMob(p, q) :=
p − q

1 − –pq

then

p, q ∈ D ⟹ d(g(p), g(q)) ≤ d(p, q)

for any holomorphic g : D → D.

Current note has 0 direct children and 0 total descendants.

And it has 13 siblings.

satisfies

p, q ∈ D ⟹
g(p) − g(q)

1 − g(p)g(q)
≤

p − q

1 − –pq

and

z ∈ D ⟹
|f ′(z)|

1 − |f(z)|2
≤

1

1 − |z|2∣–∣ ∣ ∣∣ ∣Any holomorphic map

f : D → D,  f(D) ⊂cpt D

then it is a contraction in the hyperbolic metric on D

dhyp(f(p), f(q)) ≤ dhyp(p, q)

–

Any proper holomorphic map g : D → D is of the form

g(z) = eiθ
n

∏
i=1

z − ai

1 − āiz

which is, in particular, surjective and extends to a continuous function D̄ → D̄.

As g : D → D is proper, that is, preimage of compact sets are compact, we know

r < 1 ⟹ f−1(Br(0)) ⊂ Bδ(0) for δ < 1
–
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