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k-cycles of closed manifold

A k-cycle of closed manifold S inside smooth manifold M is a smooth map

ϕ : S → M

where S is a compact, oriented smooth k-manifold without boundary. Let

Ck(M)

the set of all such k-cycles.

CobCk(M) ⊂ Ck(M) × Ck(M)

such that ϕ1 : S1 → M, ϕ2 : S2 → M ∈ CobCk(M) if there exists a cobordism : this is

an equivalence relation on Ck(M).

Definition

By

we define the set of equivalence classes

Zk(M) :=
Ck(M)

CobCk(M)

with the equivalence class of ϕ : S → M denoed by [ϕ : S → M].

Hk(M) :=
Zk(M)

⟨[0] ∈ Zk(M)⟩

CobCk(M) ⊂ Ck(M) × Ck(M)

such that ϕ1 : S1 → M, ϕ2 : S2 → M ∈ CobCk(M) if there exists a cobordism : this

is an equivalence relation on Ck(M).

(Zk(M),∐)

is an Abelian group with [0] as identity

Poincare dual of a cycle

Let M be a oriented smooth manifold. Any k-cycle ϕ : S → M gives

∫
S

ϕ∗(−) ∈ H k(Forms∙(M), d)∗

By Poincare duality we identify

Hence, we have

PD : H k(Forms∙(M), d)∗ ≅H n−k(Forms∙
c(M), d)

∫
S

ϕ∗(−) ↦ [ηS]

: ∫
M

ω ∧ ηS = ∫
S

ϕ∗ω

PD : Ck → H n−k(Forms∙
c(M), d)

(ϕ : S → M) ↦ [ηS]
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