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reconstructing compact Hausdorff X from C(X,R)

Let X be a compact Hausdorff space, C(X,R) be the ring of all continuous functions X — R

and

maxSpec C(X,R)
denote the maximal ideals in spectrum of C(X,R).
We have the surjective ring map

evy : C(X,R) = R
whose kernel is a maximal ideal m,.

Then

Proposition: Let X be a compact Hausdorff space. We have a homeomorphism

X — maxSpec C(X)
T —my
Vim):={z e X|Vfem, f(z) =0} < m

and multiplying their values). For each x € X, let m. be the set of all fe C(X)
such that f(x) = 0. The ideal m, is maximal, because it is the kernel of the
(surjective) homomorphism C(X)— R which takes f to f(x). If X denotes
Max (C(X)), we have therefore defined a mapping z: X — X, namely x » m,.
We shall show that g is a homeomorphism of X onto X.
i) Let m be any maximal ideal of C(X), and let ¥ = V(m) be the set of com-
mon zeros of the functions in m: that is,

V={xe X:f(x) = 0for all fe m}.

Suppose that V. is empty. Then for each x € X there exists f. € m such that
f«(x) # 0. Since f. is continuous, there is an open neighborhood U, of x
in X on which f, does not vanish. By compactness a finite number of the
neighborhoods, say U.,, ..., Ux,, cover X. Let

=R+t

Then f does not vanish at any point of X, hence is a unit in C(X). But this
contradicts f€ m, hence V is not empty.

Let x be a point of V. Then m € m,, hence m = m, because m is
maximal. Hence g is surjective.

ii) By Urysohn’s lemma (this is the only non-trivial fact required in the argu-
ment) the continuous functions separate the points of X. Hence x # y =
m, # m,, and therefore u is injective.

iii) Let fe C(X); let

Uy = {xe X:f(x) # 0}
and let
U, ={me X:f¢ m}

Show that u(U;) = U,. The open sets U, (resp. U;) form a basis of the top-
ology of X (resp. X) and therefore u is a homeomorphism.
Thus X can be reconstructed from the ring of functions C(X).
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