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Non-constant holomorphic functions locally look like
w® and are open mappings

& (Open mapping theorem for open subsets in C) Let f be non-constant >
holomorphic function on a connected open set U then f(U) is open (and
connected).

non-constant holomorphic function locally looks like w”* on a
change of coordinates

Let we have a holomorphic function f on some open subset of C containing 2.

Proposition: If f(z) # 0 and any positive integer k, we compose f with the function z'/*

to obtain a function h such that
hF=fonV

for a smaller open V' containing zy.

Proposition: If f: U — C is a non-constant holomorphic function on a open subset U C C

» then around any zy € U there is a holomorphic g(z)

f(2) = £(0) + (2 — 2z0)*g(2) around z
9(z0) #0

« Moreover there is a smaller neighborhood around z; and a holomorphic h(z) such that

f(2) = £(0) + ((z — 20)h(2))" around z
h(ZO) 75 0

with further smaller neighborhood around zj so that (z — z¢)h(z) is a biholomorphism

to its (open) image.

« Now, we write

f(z) = Zan(z — 29)" on z € Br(zp)

n>0

- If fis not constant, there is some smallest k£ > 1 (multiplicity of the zero) such that

ar # 0, meaning

f(2) = ao + (2 — 20)*g(2) on z € Br(z)
9(2) =) anir(z — 20)"

n>0

g(z0) #0

« Then by

Proposition: If f(zy) # 0 and any positive integer k, we compose f with the function
21/ to obtain a function A such that

h* = fonV

for a smaller open V' containing zy.

we find a smaller open V' containing zy and a holomorphic A such that

f(2) =ao + (z— 20)F(h(2))fonz eV
h,(Z()) 7& 0

« Thus we have
f(z) = ao+ ((z — z0)h(2))*onz € V
N— o ——
hl(z)
with h(zg) # 0, so

mi(z) = (= — 20)h(2)
hi(2) = h(z) + (2 — z0)h/(2)
hi(20) = h(z0) # 0

« As h; has a non-vanishing derivative at z(, so there must be another smaller open W

containing zo where hi(W) is open and
h1 W — hl(W)
is a homeomorphism.
« We can choose W so that hy (W) is a disk centered at hq(zg) = 0.
Proposition:

f:W— fW)=ao+D
f(2) = ag + (ha(2))"

is an open map.

Given open set A C W its image h1(A) under the homeomorphism h; is open set in a disk
containing 0.
- Image of h1(A) under z +— z* is open and translation w + ag + w takes open sets to open

sets.
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- Thus f(A) is open.
holomorphic functions to closed sets must map to interior
Let

FiQoU

is a non-constant holomorphic function from a open Q C C to a closed set U with open

interior U.
Then by
& (Open mapping theorem for open subsets in C) Let f be non-constant >
holomorphic function on a connected open set U then f(U) is open (and
connected).

we must have

fQcu

Even, by (the statement of ) maximum modulus we may conclude the same for function

£:Q — Bg(0)

going to a ball centered at 0: if there were a point in the image which is in the boundary of
the ball

peU, f(p) € f(Q) NSk

then p would be a maxima for |f]|.

This has implications:
o Let

fn:Q—>U

be a sequence of functions converging to f uniformly on compact subsets of 2. By

e !

& Let f,, : U — C be holomorphic on open U C C and

uniformly as n—oo

— fon K

fn

for every K C U compact then f is holomorphic in U.

. J

the limit f is holomorphic. Then as f,(z) € U the limit must be in U, but because image

must be open, so we conclude the limit is a holomorphic
f:Q—=>U
» So we have

z€Q = lim f,(2) €U
n—oo

even though f,(z) € U and U is open.
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