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Boundary of simply connected Hadamard manifolds

< Definition. Boundary of CAT(0) spaces

Let X be a complete CAT(0) metric space. Then the set of asymptotic equivalence classes

of geodesic rays

< Definition. Asymptotic geodesic rays

Let X be a complete CAT(0) metric space. Two minimal geodesic rays ci, ¢y are said

to be asymptotic if there exists a K > 0 such that

vt > 0,d(ci(t), es(t)) < K

\

is called the boundary of X

aX = {c:[0,00) — X minimal geodesic rays}

asymptotic

.

By
Proposition: Let X be a complete CAT(0) space and ¢ : [0,00) — X is a geodesic ray
starting at ¢(0) = = € X. Then for every point ' € X there exists an unique geodesic

ray ¢’ which starts at ¢/(0) = 2’ and is asymptotic to c.

This geodesic ray ¢’ shall be denoted z'¢ for ¢ := [¢(0)] € X.

there is a unique bijection

Definition.
¥ Definiti TUX — 8X

v — [exp, (tv)]

€ (0) 1 ¢

&

angular metric

-

< Definition. Let z € X,y,z € X then

Za(y, 2) = Za(zy (0), 27 (0))

Proposition: Let x € X
Ly 0X x 0X — [0,7]

is a metric.

As the angle is a metric on T} X, its push to 0X is also a metric.

cone topology

-

< Definition. Cone topology on X

Let X be a simply connected Hadamard (CAT(0)) manifold. Let z € X,z € X. For € > 0

then the cone at z is

cz(z,€) = {y € )_(‘y #x, /. (2,y) < 6}
The cone topology on Xis

Tx = <{Be(x)|a: € X,e>0}U {cx(z,e)‘w eX,ze€ X}>

\

I Proposition: The cone topology on X is Hausdorff.

Proposition: Fix z € X, {g;} be a sequence in X, and £ € 0X.
i‘)OO,TX

Then ¢ ——— £ <—

1—00

1—00
d(z,q;) — 00, £(2,q;) —— 0

’L’—)OO,T)?
(=) Llet g —% g

+ Assume d(z, z;) < R (bounded)

o Then there is a sub-sequence

Fig, 70 € R: lim d(z,q;,) =70
k—oo
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« But by continuity of d: X x X — R we have
d(z, lim g;,) =70
k—o0

which implies d(z,2) < 00 = z € X.

« Thus, a contradiction.

Proposition: (Boundary of Hadamard manifolds) Fix € X then

Definition.
Y Definiti TUX 5 0X
v — [exp, (tv)]

—
2§ (0) = ¢

is a homeomorphism.

boundary via horofunctions
Proposition: Consider the embedding
C(X)

X —

g

Then let h € C(X)

1. h is a Busemann function
2. h is a horofunction
3. h satisfies the following

« h is convex

» his 1-Lipchitz

o forz € X,r > 0 then

dzq, 29 € 0B, () : |h(z1) — h(z2)| = 2r

4. his a C' convex function with ||grad,(h)|| =1

Proposition?: Let ¢ be any curve, and

£, i= 2(s) (0)
Then

d

P d(c(s), 2) = <c'(0), 5m>

s=0

(4 = 1) Let h € C}(X) such that ngadg(h)Hg =1.

o For z € X let ¢, be the integral curve
¢, (t) = grad(h).,p),2(0) = @
» This means

h(co(t)) = t + h(z)

. | c; is a geodesic

o] eal—00) = ey(c0)

° By
Proposition: Fix z € X, {g;} be a sequence in X, and & € 0X.

1—00,%T%

Then ¢ ———— ¢ —

1—00

d(x7Qi) H_°°> 0, Az(za qi) —0

we have

o Thus

grad(B., ), = ¢,(0) = grad(h),

Proposition: Let B., and B., be Busemann functions. Then

B, = B, <= 3u9 € X : grad(Be,)s, = grad(B)s,
<= c¢1(00) = ca(00)

Proposition: Let {B;},_ be an open cover of X and

be convex C*(X) functions...
& The map
X — CI(X)
T dy

¢(o0) € 0X — B,

is a homeomorphism.

By

Proposition: Let B, and B., be Busemann functions. Then

B., = B., <= dz¢ € X : grad(B,,), = grad(B),
<= c1(00) = ca(o0)

it is well-defined and injective.

-By
I
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Proposition: Consider the embedding

C(X
X = %
Then let h € C(X)
1. h is a Busemann function
2. h is a horofunction
3. h satisfies the following
« h is convex
« his 1-Lipchitz
o forz € X,r > 0 then

1,29 € 0B, () : |h(z1) — h(zs)| = 2r

4. his a C' convex function with ||grad,(h)| =1

it is surjective.

maximal metrics

Definition.
<« Definition Z(&n) :=sup Z,(&n) : X x 8X — [0, 7]
zeX

Proposition:
L(X) = (0X,4)

is a metric space.

Proposition: Let £,7 € 0X. Then

4.3 Lemma. Let z,w € X(«), x € X and c;: [0,0) — X
be unit speed rays with ci(O) = x, i=1,2 with cl(oo) = z and c2(°°) =

w. Set aQ: = {cl(t)(x,cz(t)), By = ‘Fcz(t)(x,cl(t)). Then <(z,w) =
lim (x - a, - Bt).

t—=oo

Proposition: Let ¢, € 0X and x € X. Let c;, co be minimal geodesic rays from x to &, 7

respectively. Then
1
t —d(ei(t), ea(t))

is monotone increasing and bounded by 2 with limit

U(en) = im —d(ex(t), e2(t)) = 2sin (@)

For x € X let ¢y, ca be the minimal geodesic rays from z to &, and let

£(6) 1= S der(t), ea(®)

< Definition. Definition

. Z(X)
is the maximal angular boundary
. I(X)
is the maximal visual boundary
. Td(X) := length(£X) = length(I(X))

is the Tits boundary

.

I Proposition: Z(X) and I(X) are complete metric spaces.

Let & be a Cauchy sequence in Z(X).

» Because

for all z € X.

Proposition: Let {,n € Td(X). If there is no geodesic ¢ : R — X such that
c(—00) =&, ¢c(00) = n then

Td(fv 77) = l(ga 77) <m

Werner Ballmann, Mikhael Gromov, Viktor Schroeder - Manifolds of Nonpositive Curvature
(1985),_p.40

Proposition:
length(/X) = length(I(X))

Werner Ballmann, Mikhael Gromov, Viktor Schroeder - Manifolds of Nonpositive Curvature
(1985),_p.43

global geometry of Tits boundary
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Proposition:

° Td(ga 77) >m

= there is a geodesic ¢ : R — X with ¢(—00) = &,¢(00) =17

there is a geodesic ¢ : R — X with ¢(—00) = &,¢(00) =n —

Td(ﬁa 77) >m

. diam(Td(X)) > =«

with equality <= any geodesic in X bounds a flat half plane

Werner Ballmann, Mikhael Gromov, Viktor Schroeder - Manifolds of Nonpositive Curvature
(1985),_p.46

Current note has 0 direct children and 0 total descendants.

o structures based on sets

o manifolds

o R-manifold semi-Riemannian

o Complete Riemannian manifolds

« Riemannian manifolds with non-positive sectional curvature

« Boundary of simply connected Hadamard manifolds

And it has 1 siblings.

o structures based on sets

e manifolds

o R-manifold semi-Riemannian

o Complete Riemannian manifolds

« Riemannian manifolds with non-positive sectional curvature

» Boundary of simply connected Hadamard manifolds



https://rupadarshiray.github.io/notes/ZJl02R4pUWRHgcc9kmJWKP.pdf
https://rupadarshiray.github.io/notes/Jls2hdRgpWEILAeSuxRPKJ.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/kuoIcafk0O138iJuR4b00c.pdf
https://rupadarshiray.github.io/notes/Ps5jTM0X7ia9N5FTmmIvTu.pdf
https://rupadarshiray.github.io/notes/BilDVn3OKNsbubZtZ1AzX8.pdf
https://rupadarshiray.github.io/notes/ZJl02R4pUWRHgcc9kmJWKP.pdf
https://rupadarshiray.github.io/notes/Jls2hdRgpWEILAeSuxRPKJ.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/ZRnZhMNj4UwiXvwnLdY1Fq.pdf
https://rupadarshiray.github.io/notes/kuoIcafk0O138iJuR4b00c.pdf
https://rupadarshiray.github.io/notes/Ps5jTM0X7ia9N5FTmmIvTu.pdf
https://rupadarshiray.github.io/notes/BilDVn3OKNsbubZtZ1AzX8.pdf

	Boundary of simply connected Hadamard manifolds
	angular metric
	cone topology
	boundary via horofunctions
	maximal metrics
	global geometry of Tits boundary


