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Convex sets in Rn,RHH n or S n

A subset C ⊆ R
n,RHH n or Sn,n > 0 is convex if for every pair of points x, y ∈ C such

that d(x, y) < diam(Rn,RHH n or Sn), the (unique) geodesic segment between x, y is

contained in C

xy ⊆ C

We have

–

the dimension of C

dimC := min {m ∈ N|C is contained in an m-plane}

plane(C) is the unique dimC-plane that contains C

a side of C is a non-empty, maximal convex subset of ∂C.

sides(C) := max({∅ ≠ A ⊆ ∂C|A is convex}, ⊆)

is the (possibly uncountable) set of all sides of C

Convex polyhedron

A convex polyhedron P  in Rn,RHH n or Sn is a non-empty, closed, (geodesically) convex

subset of Rn,RHH n or Sn such that the collection sides(P) of sides of P  is locally finite.

Side pairing of convex polyhedra

Let G ≤ Isom(Rn,RHH n or Sn) and P be a finite collection of disjoint convex polyhedra in

R
n,RHH n or Sn. A G-side pairing for P is a collection

Φ = {gS|S ∈ sides(P)}

such that

Here,

(side pairing) for each side S ∈ sides(P) there is a side S ′ ∈ sides(P) such that

S S ′ (here, S is saied to be paired with S ′)
gS

∣−→

(symmetry of paired sides) for each S ∈ sides(P) we have g−1
S ′ = gS

(tesselation) for each P ∈ P,S ∈ sides(P), which is paired with S ′ ∈ sides(P ′), we

have

P ∩ gS(P ′) = S ′

The pairing of sides by Φ generates an equivalence relation on ⋃ sides(P). An

equivalence class [S] ∈ Φ\⋃ sides(P) is called a cycle of Φ.

The angle at x ∈ P  is

∠xP :=
4πμ(P ∩ B(r,x))

μ(B(x, r))

for any r < minS∈sides(P,x∉S) d(x,S) [1]

Let [x] = {x1, … ,xm} ∈ Φ\⋃ sides(P) be a finite cycle of Φ where xl ∈ Pl for each

1 ≤ l ≤ m. The solid angle sum at [x] is

∠[x]P := ∑
l

∠xl
Pl

(S ′)′ = S

Proper side pairing

A G-side pairing Φ for P is proper if each cycle of Φ is finite and has solid angle 4π.
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complete gluing of finite sided polyhedra

Proposition: The link L[c] of a cusp point [c] of Φ\⋃P is a connected

(Rn−1, Sim(Rn−1))-manifold.

gluing

Cusp points of a convex polyhedron

Let P ⊆ RHH n be a convex polyhedron. A cusp point of P  is an ideal point c ∈ ∂∞P  for

which there is an onb Nc ⊆ RHH n such that

⋂
S∈sides(P):c∈∂∞S,S∩Nc≠∅

S
∞

= {c}

–

–

Link of a cusp of a polyhedron

Let P be a finite collection of disjoint, n-dimensional, convex polyhedra in RHH n and Φ be

a proper Isom(RHH n)-side pariring for P. We assume without loss of generality that no two

distinct polyhedrons in P have closures that intersect in RHH n and that no polyhedron

passes through the point ∞ ∈ H n
U
.

–

–

Then Φ extends to a side pairing of {P
∞

P ∈ P} which generates an equivalence

relation on the closure of the sides, whose equivalence classes

[x] ∈ Φ\
{S

∞
S∈sides(P)}

are called cycles.

–∣–∣The cycle of a cusp point of a polyhedron P ∈ P is called a cusp point of the quotient

Φ\⋃P .

Let c be a cusp point of a polyhedron in P and b ∈ [c]. Then ∃Pb ∈ P such that

b ∈ Pb

∞
. The link of b is the n − 1-dimensional convex polyhedron L(b) in Rn−1

obtained by intersecting Pb with a horosphere Σb based at b that meets just the sides

of Pb incident with b.

–

We choose the horospheres {Σb|b ∈ [c]} small enough so that the links L(b) for points

b ∈ [c] are mutually disjoint. Then Φ determines a proper Sim(Rn−1)-side pairing for

{L(b)|b ∈ [c]}

Let L[c] := Φ\
⋃b∈[c]L(b) be the link of the cusp point [c] of Φ\⋃P .

Let M be a (RHH n, Isom(RHH n))-manifold obtained by gluing together a finite faimly of

disjoint, finite sided, n-dimensional, convex polyhedra in RHH n by a proper Isom(RHH n)-

side pairing Φ. Then M is complete

⟺

L[c] is complete for each cusp point [c] of M

⟺

for each cusp point [c], the links {L(b)|b ∈ [c]} can be chosen so that Φ restricts to a

side-pairing for them.
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Current note has 0 direct children and 0 total descendants.

And it has 2 siblings.

(Poincare's fundamental polyhedron theorem for discrete subgroups of

Isom(Rn,RHH n or S n)) Let P  be a n-dimensional convex polyhedron in

X ∈ {Rn,RHH n, S n} and Φ be a subproper Isom(X)-side-pairing for P  such that

⟨Φ⟩\
P

is complete. Then Γ := ⟨Φ⟩ < Isom(X) is discrete and, P  becomes an exact,

convex, fundamental polyhedron for Γ, the inclusion map ι : P ↪ X extends to an

isometry

Γ\P ≅Met Γ\X

and

If Φ is proper then Γ acts freely on X.

⟨sides(P)|side-pairings, cycle relations⟩ ≅Grp Γ

S ↦ gS
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