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Subsets of topological groups

<¥ Definition. Subsets of topological groups

Let G be a topological group and A, B C G and z € G.
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Az := {yz|y € A} = R.(A)
zA = {zyly € A} = L (A)
Al = {y’l‘y € A}

AB:={zylx € A,y € B} = U:cB: UAy
zcA yeB

A" = {z" |z € A}
AW =z . x|z, z, € A}

. A% c  AA
—~— ~—
{z2|zcA} {zy|z,yc A}

For ACG A is open A is closed A is compact
if
—
J{then
Az open closed compact
A open closed compact
A1 open closed compact
AB open ? -
A" = {z"|z € A} ? ? ?
A = A(APD) open compact
open -
L) a® P
n>0

Let V C G be open

- Base case:

VO ={galgzeV}=] gV
N

9ev open

is open.

 Induction hypothesis: For n =k — 1

is open.

+ Induction step: We see

is open.
Thus V® is open for all k> 0.

symmetric sets

<« Definition. Let G be a topological group. We say A C G is symmetric if A = A1

Proposition:

ANB=0 < ig¢ A'B

such that

Vv CcuU

¢ Continuity of
(z,y) — zy
at
(ig,ig) — ig

means for every onb U of i there are onb Wy, W, of ig with W W, C U.

« Consider the set

Vi=WinWynW;'nw,!

. V3i=V,VVCW W, CU

E Let G be a topological group. For every onb U of ig there is a symmetric onb V of ig
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& Let G be a topological group. Any subgroup H < G and its closure His a topological
group with the subspace topology.
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& Every open subgroup of a topological group G is a closed subgroup.

Let S be a open subgroup of G. Then it is precisely the complement of all the non-trivial

cosets

S=G\J g8

925 open

closed

Hence, S is closed.

|

I Proposition: If A, B C G are compact sets then AB are also compact.

A X B +— AB
Se—— ~~
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