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Uniformly continuous functions on a topological group

A function f : G → C is left uniformly continuous if

∥τyf − f∥∞ 0

and right uniformly continuous if

R∗
yf − f

∞
0

y→iG

−→∥ ∥ y→iG

−→

Let G be a topological group and f ∈ Cc(G). Then f is left and right uniformly

continuous
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Given f ∈ Cc(G) and ϵ > 0. Let K := suppf.

​ Let x ∈ K, by continuity of f we have

f −1Bϵ/2(f(x))

is open and contains x. Then

Ux := x−1f −1Bϵ/2(f(x))

is open and contains iG.

Thus, for every x ∈ K there is a neighborhood Ux of iG such that

and by

there is a symmetric neighborhood Vx of iG such that

VxVx ⊂ Ux

y ∈ Ux

⟺ xy ∈ xUx⟹ |f(xy) − f(x)| <
ϵ

2

Let G be a topological group. For every onb U of iG there is a symmetric onb

V  of iG such that

V V ⊆ U

█

▛
Continuity of

(x, y) ↦ xy

at

(iG, iG) ↦ iG

means for every onb U of iG there are onb W1, W2 of iG with W1W2 ⊆ U .

​ Consider the set

V := W1 ∩ W2 ∩ W −1
1 ∩ W −1

2

V −1 = V , V V ⊆ W1W2 ⊆ U

Now

K = ⋃
x∈K

{xVx|x ∈ K}

https://rupadarshiray.github.io/notes/CRtbIIfjDfoKMadekDs6P2.pdf
https://rupadarshiray.github.io/wiki
mailto:rupadarshiray+wiki@gmail.com
af://h1-1


Current note has 0 direct children and 0 total descendants.

And it has 7 siblings.

but by compactness of K we have

K ⊂
n

⋃
i=1

xiVxi

Let

V :=
n

⋂
j=1

Vxj

which is a neighborhood of iG

Proposition:

y ∈ V ⟹ R∗
yf − f

∞
< ϵ

that is

∀z ∈ G, y ∈ V ⟹ |f(zy) − f(z)| < ϵ∥ ∥​

then

z ∈ K ⟹ ∃xj : z ∈ xjVxj

⟹ x−1
j z ∈ Vxj

y ∈ V ⟹ y ∈ Vxj

⟹ x−1
j zy ∈ Vxj

Vxj

⊂ Uxj

⟹ zy = xjx
−1
j zy

∈ xjUxj

|f(zy) − f(z)| ≤ |f(zy) − f(xj)| + |f(xj) − f(z)|

≤
ϵ

2
+

ϵ

2
≤ ϵ

if z ∉ K then f(z) = 0

​ if zy ∉ K, then

f(x) = 0 = f(xy)

so

|f(xy) − f(x)| = 0 < ϵ

if zy ∈ K then

∃xj : x−1
j zy ∈ Vxj

⟹ x−1
j z ∈ Uxj
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