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Uniformly continuous functions on a topological group
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< Definition. Uniformly continuous functions on a topological group

A function f: G — C is left uniformly continuous if

y—>i
Iy f = fll oo — 0

and right uniformly continuous if

y—ig

|1Byf = £l — 0

& Let G be a topological group and f € C.(G). Then f is left and right uniformly
continuous

<Y Definition. Uniformly continuous functions on a topological group
A function f: G — C is left uniformly continuous if
y—ig
I7yf = flloo —0
and right uniformly continuous if

y—ia

1255 =l — 0

Given f € C.(G) and € > 0. Let K := suppf.
« Let z € K, by continuity of f we have

f ' Bea(f(2))

is open and contains z. Then
Uz = xilfilBe/2(f(m))

is open and contains ig.

« Thus, for every z € K there is a neighborhood U, of ig such that
yeUs,

€

= wycale = |f(zy) - fl2)l < 5

and by

& Let G be a topological group. For every onb U of ig there is a symmetric onb
V of i@ such that

VvV CU

Continuity of
(z,y) = zy
at
(ig,ig) — ig

means for every onb U of i there are onb W1y, Wy of ig with W1Wy C U.

« Consider the set

Vi=WinWonWw;nw,?

. V3=V, VVCW W, CU

there is a symmetric neighborhood V, of ig such that

VoV C U,

zU,

« Now

K = |J{aValz € K}

zeK
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but by compactness of K we have

K C szmz

n
i=1

o Let

which is a neighborhood of ig

- | Proposition:

yeV = [|Byf —fll, <e

that is
VzeGoyeV = [f(zy) — f(2)| <«
z€K = dzj:z €V,
— m}lz eV,
yeV —y € Vg,
-1
. = z;2y € Ve, Ve,
C Uy,
— 2y = a;ja:j_lzy
€ :UjUz].
xU, K
U,
then

1f(zy) = F()| < |F(2y) — f(z))| + [f(25) — £(2)]

[0

- if z¢ K then f(z) =0
« if zy ¢ K, then
f(z) =0 = f(zy)
so
f(zy) — f(z)] =0 <e
. if 2y € K then

-1
Jrj:z; 2y eV,

e Uy,

=
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