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Integral on bounded open subsets of R" with C!
boundary

object In Cartesian coordinates

Volume form
dzi A---Adz,

integrating gradient vector field ® volume form in R"
B Let B C R" be a bounded open set with C! boundary. Then

/ grad(u) ® Ap = / ufgp ® A\oB
B OB

using Stroke's theorem

- Let B C R™ be a bounded open set with C! boundary. Let u € C*(B) and consider

"o = udz;

where EZL'\Z is A=dzy A--- Adz, with dz; removed.

« The exterior derivative of this n — 1 form is the n-form

ou _— . Ou
da= —dz; Adz; = (1)1 ——2\
«a oz, z; \dzx (-1) oz,

where

d:ci/\gx\i:dxi/\dwl/\...d:ri_l/\da:iﬂ/\---/\dwn
= (-1)"dz; A--- Aday,
X

/Bda:(_l)m/%a

ou ) —
A= (-1 H'l/ udz;
B 0z; =) OB

« Then by Stroke's theorem

-

‘= Example

For n = 2 we have

/ —udx:/@dw/\dy
dB B Oy

- Let us parameterize OB by a C! function

U(open) CR"! = B
v (9(¥),v)

where g € C1(U,R).

» Then
/ udz; = / u(g9(y),y)dg A dyi 1
9g —
= u ) d i— /\d i
/U (94),9) 5, i1 A dyis
i ag
= (1" | ulg®)y) g —dyi A+ Adyn
v Yi-1
fort>1 and
= [ ot -y
fori=1.
« Thus
ﬁ)\_ fUu(g(y)ay)dyl/\..../\dyn_l i—=1
g0z |- fUu(g(y)’y)%dyl Ao Adyny i<n

« Tensoring with €; and summing for 1 < i < n we have

/ grad(u) @ A = / u(1, —grad(g)) ® (dy1 A -+ Adyn_1)
B U

where X ® A is a vector field ® n-form, which we understand is integrated
component-wise.
« We identify

(1, —grad(g)) ® (dy1 A ....Ady,—1) =: o ® Aop

then we have

/ grad(u) ® Ap = / U Ny ® A\oB
B OB

integration by parts in R"
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integral of divergence

The Laplacian Au measures how much grad(u) moves points outside of U, however it
must "move it" through the boundary by amount grad(u) - 7 therefore
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