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Connection on a smooth vector bundle on a smooth
manifold

p

<«¥ Definition. Connection on a smooth vector bundle on a smooth manifold

Let E — M be a smooth R-vector bundle over a smooth manifold M with the space of
sections FE. A connection on E — M is a R-linear map

V:TE-T(T*"MQ®E)
such that
V(f¢) =df @ ¢+ fV(¢)

for all f € C®°(M),¢ € TE.

.

V:Q%M,E) - QY(M,E)

locally

On a trivialization U, of E — M, the section ¢ : M — E is
¢ = bhd
i

for ¢o : U — R(E)

Then because
V(&) € QYU E) = Q(E) @ TyE

we may write

using using

$=> i o : U — R™P)

Viag) =) Alea;
J

V(¢a) = d¢a + Aa¢a

where 4, € QY(U, gl(n,R))

V=d+ 4,

induced connections

induced from induced on looks like
(E,V) (B, V)

EQF

EoF

Ex,V

exterior derivative of vector bundle-valued forms
dy : Q¥(M, E) — Q*"(M, E)
such that
dy(w®s) =dw® s+ (—1)fwA V¢

curvature

e

<«¥ Definition. Curvature of a connection on a vector bundle
The curvature of the connection V on E — M is a 2-form

Fy € Q*(M,End(E))
such that

Fy(X,Y):=VxVy —VyVx — Vixy]

I (dv)20':Fv/\0'
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