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Weakly modular forms of level SLZ(2) on upper-half plane

Let k ∈ N. A meromorphic function

f : H → C

is weakly modular of weight k if

τ ∈ H, [ ] ∈ SLZ(2) ⟹ f([ ](τ)) = (cτ + d)kf(τ)
a b

c d

a b

c d

If this rule is satisfied for S = [ ], [ ] then it holds for all SLZ(2). This means f

is weakly modular of weight k if

f(τ + 1) = f(τ) and f (−
1

τ
) = τ kf(τ)

1 1

0 1

1 −1

1 0

​ Weakly modular functions are Z{1}-periodic.

Weakly modular of weight 0 is simply SLZ(2)-invariance of f.

Weakly modular of weight 2 is simply SLZ(2)-invariance of

f(τ)dτ

is a holomorphic Z-periodic map

H → D ∖ {0}

τ ↦ e2πiτ

​
Iτ → ∞ ⟺ q = e2πiτ → 0

Iτ → 0 ⟺ |q| → 1

∂H = R "goes to" ∂D = S 1

We have the inverse

on

D ∖ R≤0 → H

The complex logarithm

C ∖ (−∞, 0] → C

log(z) := ∫
1↣z

dw

w

If

f : H → C

is holomorphic/meromorphic such that f(z + 1) = f(z) (Z-periodic)

⟺

there is a holomorphic/meromorphic g : D∗ → C such that

f(τ) = g(e2πiτ)

given by the composition of log

g = f ∘
log

2πi

which is well-defined as

​ two different branches of log differ by 2πik then

f (
log q + 2πik

2πi
) = f (

log q

2πi
)

match

Now g has a Laurent series

g = ∑
n∈Z

anq
n on D ∖ {0}

​ which gives f has a Fourier expansion

f(τ) = ∑
n∈Z

ane
(2πi)nτ
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Holomorphicity at ∞ of Z-periodic functions on H

The holomorphic

f : H → C

is holomorphic at ∞ if the corresponding

g : D ∖ {0} → C

extends to 0 ∈ D. This is equivalent to existence of

lim
im(τ)→∞

f(τ)

or even just f being bounded as im(τ) → ∞.

Modular forms of level SLZ(2) on upper-half plane

A weakly modular function

is a modular form of weight k if f is holomorphic on H and at ∞.

The C-vector space of modular forms of wight k is denoted by

Modulark(SLZ(2))

and

Modular(SLZ(2)) := ⨁
k∈Z

Modulark(SLZ(2))

forms a Z-graded C-algebra.

Weakly modular forms of level SLZ(2) on upper-half plane

Let k ∈ N. A meromorphic function

f : H → C

is weakly modular of weight k if

τ ∈ H, [ ] ∈ SLZ(2) ⟹ f([ ](τ)) = (cτ + d)kf(τ)
a b

c d

a b

c d
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