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Classical Schottky subgroups of O"(1,n)(R)

-

<« Definition. Classical Schottky subgroups of Isom(RH") = O*(1,n)

Consider a convex polyhedron P in RH™ with even number of sides, and each side a
hyperplane of RH"™ and a Isom(RH")-side pairing ® for P such that no side of P is
paired to itself. The group generated by the side pairings

I:= ()

is called a classical Schottky subgroup of Isom(RH™) for P.
If no two sides of P meet at infinity, then I" is a classical ultra-Schottky subgroup with
respect to P, otherwise it is a classical sub-Schottky subgroup with respect to P.

F=C

ultra sub

\

Fundamental domain of each side-pairing map

Consider 2m disjoint hyperplanes Si,...,Sm,S51,...,5,, CRH" and
91, .- gm € Isom(RH™) such that

for each hyperplane Sy, all the other hyperplanes lie on the same half-plane in RH™ \ S},

« for each k&

9x(Sk) = S},
PN gsk(Pk) = S;g

where Py, is the convex polyhedra with sides Sy, S},
« P :=), Py has boundary

oP =| |(SkuS})

k
. P UP; =RH"
. D::ﬂﬁ’k;ﬁ@
k

Proposition: For all N # 0 we have
]ojk N gfcv(ﬁk) =0

for each k.

This implies g is of infinite order for each k.

« The open set RH"™ \ (S}, U S}) has 3 connected components

RH" \ (Sk U S,,f) = ﬁkLl

« The connected set gk(Pk) must in one of the 3 components.

« We know

PN gk(Pk) = S,’c
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» This implies

gu(Pr) € [

- Similarly, g2(Py) must be in one of the 3 components of RH™ \ (S}, U gx(S})). Because

9c(Pe) N g3(Pr) = gr(Sk)

we conclude

92(Py) C [gx(Sy)] S RH™\ Py

classical Schottky groups are free and discrete
I Proposition: I' is freely generated by g1,...,gm.

Consider an element g7l ... g;! € I' for some [ > 0.
- Base case: From

Proposition: For all N # 0 we have
jf’k N g;cv(f'o’k) =0

for each k.

This implies g is of infinite order for each k.

we have
gn(D) € g2 (P) CRH"\ P,
« Induction hypothesis: For £ < [ we assume
g ...ga (D) CRH™\ P,
+ Induction step:

91 (o, -0 (D) C g1 (RH" \ Pry)

gP"kH

CRH"\P,,,
« Therefore,

git...gn (D) CRH™\ P,, CRH"\ D

= Gny - Gny # 1

« Therefore, I is freely generated by g1,...,9m.

» Because
Dng(D)=10

for each g € T'\ {1}, we conclude T is discrete.

& A classical Schottky subgroup of Isom(RH™) for a polyhedron P with 2m sides is a
discrete, free subgroup of Isom(RH™") of rank m, generated freely by the side pairings
of P.

[1]
ultra

& Let T be a classical ultra-Schottky subgroup of Isom(RH™) for a Schottky polyhedron
P. Then P is an exact, convex fundamendal polyhedron for T'.

A classical Schottky subgroup of Isom(RH™") is finite sided and in particular geometrically
finite?

& An classical ultra-Schottky subgroup is finite sided and does not contain parabolic
elements, and thus is convex cocompact.

limit set of classical ultra-Schottky groups

Proposition:

8P C Q(T)

‘ Proposition:



af://h2-3
af://h2-4
af://h2-5

< Definition. Let P; := P. Assuming P; has been defined we choose P;,; to tbe the
union of P; and the polyhedra in {yP|y € I'} that share a side with P;.

Then we have

AT) C(\RHE*\ P~

i>1

¢ As

J~P=RH"
yel

is an exact tesselation of RH", the family {yP|y € '} is connected.

I Proposition: A(T') is totally disconnected.

o Let &, m € A(T") be distinct limit points.
- Choose k such that RH™ \Fkoo does not contain 5_77
« Then by convexity n, £ lies in different components of RH™ \Fkoo
« Let U be the component of ORH" \Fkoo containing £ and let V' be the union of the

remaining components.

Therefore

AT)= U U V
N
3¢ on

Thus A(T) is totally disconnected.
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