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Homotopy invariance of cohomology of differential
forms

B (Homotopy invariance of H*(Q*)) Given two continuously homotopic, smooth maps
frg: M — N

between manifolds possibly with boundary, we can always produce a smooth homotopy
between them. Two such smoothly homotopic maps induce equal homomorphisms in the
cohomology of differential forms

ff=g":Q"(N) = Q*(M)
In particular, if
a:M— N,:N—>M
is a smooth homotopy equivalence, then a*, 8* induce isomorphisms in the cohomology

of differential forms.

the homotopy operator is an integral

-

<« Definition. Homotopy operator from forms on M x I to forms on M

Let M be a smooth manifold with or without boundary and consider the map

LM — M x[0,1]

z — (z,t)
for a fixed t € [0,1].
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Let (—,s) € M x [0,1] be the coordinate. We define

h:QF(M x I) — Q¥ 1(M)

w — hw
(w)yi= [ i )
t€[0,1] y

o) = [ e au(-)

Proposition:

(¢ — ¢9)(w) = h(dw) + d(hw)

_ 0
« Because 1; = exp(t5;) oo we have

i = ii(exp(t)"w)

d., d *(exp(t 0 ) w)
dt Ltw = dt [’0 €xXp 85 w
= Lo(EeXP(ta) w)
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thus by integrating both sides on ¢t € [0, 1]
G- = [ ey
t€(0,1] ¢
« Now, we also have

h(dw) + d(hw) = / ti(Low)
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homotopy invariance of the cohomology
Given a smooth homotopy

H:MxI—N
between the smooth maps

F,G:M — N
we write

F=H(,0)=Hou
G=H(1)=Gouy
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M x [0,1]
F,G \[:
H
N
then we have
F*=.,0H"
G*"=110H"

and because
v =11 : H¥(Q*(N)) — H¥(Q*(M))
we have
F*=G*: H*Q*(N)) —» H*(Q*(M))
Thus homotopy equivalence produces an isomorphism in the cohomology.

consequences for contractible manifolds

B For a point manifold {p}, the de Rham cohomology, >

aon = {5 520

The Poincare lemma for contractible sets:

E The de Rham cohomology of a contractible set U in a smooth manifold are >

R k£=0
H(?R(U):{O E>0
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