() Info

This note, that was found here, as a part of a collection

is written (completely with human hands) by Rupadarshi Ray,
was created on October 23, 2023 6:09:04 PM,

was last modified on December 10, 2025 1:45:39 AM, and
was exported on September 7, 2026 3:31:11 PM.

G-bundles over smooth manifolds

GAP—- X

s

< Definition. G-bundles over smooth manifolds G ~ P — M

A smooth principal G-bundle over M
GAP—->M:=(®:G~P,mip: P— M, %)

for a Lie group G and a smooth manifolds P, M is a

<« Definition. Principal G-bundles G ~ P — X

A topological principal G-bundle over X
GAP—X:=(G~P,mp:P— X,%)
where

» (G is a Topological group called the structure group

« X is a T_topological space (Hausdorff?)

+ a surjective continuous map
Tp : P—X

« a right group action

« preserves fibres

locally trivial for each x € X, 3(U, ¢v) € % where
« U is a open nbd of z in X

» and a homeomorphism

¢y 7 (U) > UxG
p— (mp(p), ¥)

such that

Y(p-9g) =¥(p)g

U [ UGN
G
© v
p

&

where the bundle maps, the group action and local trivializations are smooth.

\.

The derivative of the group action
® : G — Diff(P)
gives

d;®: g — Vec(P)

local trivializations

-

< Definition. From the data G ~ P — M we can define transition functions
Gap : U, N Uﬁ — G
such that

Ya(p) = gas(m(p))¥s(p)

& Transition functions of a local trivialization satisfy the cocycle condition
9ap9By = Gay

on U, NUg N Ug. Moreover goy, = ig and gg, = g;é

automorphisms

« automorphism of a smooth G-bundle G ~ P - M

» local gauge transformation are maps
go: Uy — G

on a trivializing open set U, € %

+ define the local bundle isomorphism by ¢, (p) := pg.(7(p))
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automorphism of a |sections of the maps to G
smooth G-bundle adjoint bundle
G~P—>M Ad(P) - M
local go : Uy — G
converting —
converting <—
at a pointz € M an element of G
global
connections

~

< Definition. Connection on a smooth G-bundle

A connection on a smooth G-bundle G ~ P — X is a smooth g-valued 1-form on P

wel(A'T*P®g)

such that
. (®9)*'w = Adg41 ow
. w(A%) = A

|

lifting Lie algebra valued 1-forms on base to connection
forms on the bundle

H On G-bundle (G~ rY X) with trivialization (V;, ¢;) let we have a family of Lie
algebra valued differential forms A; € Forms'(V;}, g) with

Aj; = Adgi;lAi +g;;©0@onV;NV;
where g;; : V; N V; — G is the transition function. Then there exists a unique
connection w € Forms! (P, g) of the G-bundle such that

. *

where s; : V; — 75" (V;) is the canonical section associated with the trivialization.

horizontal lift of curves

& On G-bundle with connection (G~ P& x, w), for every smooth curve and choice of
starting point

a:[0,1] - X
p € mp' ((0))

there exists a smooth curve on P which is a lift of a starting at p
ap:[0,1] - P

a,(0) =p
TpoQp =«

and whose velocity is horizontal

te [0, 1] — d;(t) € Horap(t)(P)

Let U; be a chart which contains 7 and take a section
o; U, — W*I(Ui)
The horizontal lift may look like
3(t) = ai(v(t)gi(7(t))
where we may choose o; and g; : U; — G to be such that

oi(7(0)) = %(0),9:(5(0)) = ic

T %(m

The condition on g;(v(t)) is

%gz’(t) = —w(0uX)gi(t)

9:(t) = pexp (’L/ Amdw")
71(0,¢]

whose unique solution is
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