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Roots of X" — 1, Q(£,) and cyclotomic polynomials
Consider
X" -1

in Q[X]. We wish to factorise this polynomial. We know the roots of this polynomial are

precisely the roots of unity

<Y Definition. Roots of unity and cyclotomic field

Let

tn = {6 € Cle" = 1)

_ {exp<2mk)‘1§k§n}

n
—{¢h<k<n)
cCU)NZ

where (, := exp(27i/n) be the group of all n-th roots of unity under multiplication which
lives in the n-th cyclotomic field

Q(¢n)

-

Therefore,

xt-1=[[(X -9 Q)X

E€pn

However, we can group together the linear factors (X — &) where £ has order d in p,, that is,
& is a primitive d-th root of unity

x" 1= ] X~ Q)]
dln  &€pa
¢ primitive

<Y Definition. Cyclotomic polynomials

The n-th cyclotomic polynomial is

erelo, (X) = T[ (X-ew (Z%))  mow)x

1<k<n
(kym)=1

= ]I &-9 in Q) [X]
§Eun
primitive
whose roots are precisely the primitive n-th roots of unity
{€ € pnlo(§) = n}

is monic and has degree equal to the Euler totient of n

degcyclo,, = Euler(n)

.

Therefore

X" —1 =[] eyclog(X) inQ(¢n)[X]

din

which gives the identity

8
n= ZEuler(d)
dln
8 cyclo, (X) € Z[X]
is monic and irreducible in Q[X] as well as in Z[X] and thus
X" —1=]]cycloy(X) inZ[X]
d|
Therefore, the minimal polynomial of ¢, is cyclo,, and
[Q(¢n), Q) = degcyclo,, = Euler(n)
As
1 o s
{z ‘f € Un pr1m1t1ve} = {¢{ € uy primitive} = Z(cyclo,))
we have
Euler(n) 1
X cyclo, | — ) = cyclo,(X)
X
Thus

coeff of X7 in cyclo, (X) = coeff of X" ~7 in cyclo, (X)
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which means for Euler(n) = 2M we have
X Meyclo,(X) = (XM + X M) 4 g (XML 4 XMy 4.
with ay,...,ay € Z.

Because

1
Xk: ka < X > ( kal lek) ( ka2 X2fk)
shows

1
Xk XFez| X+ =
Xt [+X]

we conclude

p

& For n > 2, M := Euler(n)/2. We have a monic, irreducible
ccyclo, € Z[X]

of degree M such that

1
X Mcyclo, (X) = ccyclo,, (X + f)

Moreover, for (k,n) =1 we have

ccyclo,, (2 cos <2_7rk>) =0
n

implying 2 cos(2mk/n) € Z has degree Euler(n)/2.

¢ Suppose ccyclo,, is not irreducible. Then
ccyclo,(X) = hi(X)ha(X)

where h; say is of degree 1 < r < M. Then

1
cyclo, (X) = XMccyclo,, (X + f)

1 1
=XMhp ()('+ E%C)ha ()(-+'?i:>

—X"h X+1 XM=, X+1
- ! X 2 X

which contradicts

-~

8 cyclo,(X) € Z[X]

is monic and irreducible in Q[X] as well as in Z[X] and thus

X"—-1= Hcyclod(X) in Z[X]
dln

Therefore, the minimal polynomial of ¢, is cyclo,, and

[Q(¢n), Q] = degcyclo,, = Euler(n)
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