
Roots of Xn − 1, Q(ξn) and cyclotomic polynomials

Consider

Xn − 1

in Q[X]. We wish to factorise this polynomial. We know the roots of this polynomial are

precisely the roots of unity

Therefore,

Xn − 1 = ∏
ξ∈μn

(X − ξ)   in Q(ζn)[X]

However, we can group together the linear factors (X − ξ) where ξ has order d in μn, that is,

ξ is a primitive d-th root of unity

Xn − 1 = ∏
d|n

∏ (X − ξ)   in Q(ζn)[X]

Therefore

Xn − 1 = ∏
d|n

cyclod(X)   in Q(ζn)[X]

which gives the identity

As

{
1

ξ
ξ ∈ μn primitive} = {ξ ∈ μn primitive} = Z(cyclon)

we have

XEuler(n)cyclon(
1

X
) = cyclon(X)

Thus

coeff of X j in cyclon(X) = coeff of XEuler(n)−j in cyclon(X)
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Roots of unity and cyclotomic field

Let

where ζn := exp(2πi/n) be the group of all n-th roots of unity under multiplication which

lives in the n-th cyclotomic field

Q(ζn)

μn := {ξ ∈ C|ξn = 1}

= {exp(
2πik

n
) 1 ≤ k ≤ n}

= {ζ kn 1 ≤ k ≤ n}

⊆ U(1) ∩ Z ∣∣–ξ∈μd

ξ primitive

Cyclotomic polynomials

The n-th cyclotomic polynomial is

whose roots are precisely the primitive n-th roots of unity

{ξ ∈ μn|o(ξ) = n}

is monic and has degree equal to the Euler totient of n

deg cyclon = Euler(n)

cyclon(X) := ∏ (X − exp(
2πk

n
))  in Q(ζn)[X]

= ∏ (X − ξ)  in Q(ζn)[X]

1≤k≤n

(k,n)=1

ξ∈μn

primitive

n =∑
d|n

Euler(d)

cyclon(X) ∈ Z[X]

is monic and irreducible in Q[X] as well as in Z[X] and thus

Xn − 1 =∏
d|n

cyclod(X)   in Z[X]

Therefore, the minimal polynomial of ζn is cyclon and

[Q(ζn),Q] = deg cyclon = Euler(n)∣

https://rupadarshiray.github.io/notes/GhRr84VaWVagYCQ4X62gFF.pdf
https://rupadarshiray.github.io/wiki
mailto:rupadarshiray+wiki@gmail.com
af://h1-1


which means for Euler(n) = 2M we have

X−Mcyclon(X) = (XM + X−M) + a1(XM−1 + X 1−M) + …

with a1, … , aM ∈ Z.

Because

Xk + X−k = (X +
1

X
)(Xk−1 + X 1−k) − (Xk−2 + X 2−k)

shows

Xk + X−k ∈ Z [X +
1

X
]

we conclude

Current note has 0 direct children and 0 total descendants.

And it has 62 siblings.

For n > 2,M := Euler(n)/2. We have a monic, irreducible

ccyclon ∈ Z[X]

of degree M such that

X−Mcyclon(X) = ccyclon(X +
1

X
)

Moreover, for (k,n) = 1 we have

ccyclon(2 cos(
2πk

n
)) = 0

implying 2 cos(2πk/n) ∈ Z has degree Euler(n)/2.
–

Suppose ccyclon is not irreducible. Then

ccyclon(X) = h1(X)h2(X)

where h1 say is of degree 1 < r < M. Then

which contradicts

cyclon(X) = XMccyclon(X +
1

X
)

= XMh1 (X +
1

X
)h2 (X +

1

X
)

= X rh1 (X +
1

X
) ⋅ XM−rh2 (X +

1

X
)

cyclon(X) ∈ Z[X]

is monic and irreducible in Q[X] as well as in Z[X] and thus

Xn − 1 =∏
d|n

cyclod(X)   in Z[X]

Therefore, the minimal polynomial of ζn is cyclon and

[Q(ζn),Q] = deg cyclon = Euler(n)

stretchy

​ Q(ξn)

stretchy

​ Trefoil 31 knot

The only compact connected Lie group that can act faithfully on a torus is itself

Hecke algebras

Bn–

BS(1, 2)

(C, +, ×)

D∗ := D ∖ {0}

Cantor set

Configuration space of N rigid points in R3

Free groups

GL(2)(Z) ↷ T 2

H 3
2

[a, b]

Figure 8 knot

Lamplighter group on Z2

βN

#2RP 2

∏i∈N {1, … , ni}

RP n

(Q, +, ×, <)

Qp̂

Q
–

Qconstr

Q(ξn)

O
Q
–

(R, +, ×, <, sup)

Homeomorphism of R2 that sends N to a countable closed discrete subset

R2 × S 1

Rn
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