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Elliptic integrals and Jacobi elliptic functions

the arc length of the lemniscate

p

<Y Definition. The arc length of the lemniscate

1 1
E a 2:/ pp— :/
ola) 0,a] V90 tef0,a) V1 — t4

1+ (uv)?
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elliptic integral of the first kind

p

<¥ Definition. Jacobi's elliptic integral of the first kind

Let
gi(z, k) := (1 — ) (1 — k*z?)

be the quartic polynomial for k € [0, 1).
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The Jacobi's elliptic integral of the first kind is the function

1

1
Ey(t,k) == / L
04 v/g1(—, k) zel0d] /(1 — z2)(1 — k2z2)
1
/96[0781111('5)] V1 —k2sin?6

where the modulus 0 < k < 1 is fixed

-10 -5 5 10

and the complete Jacobi's elliptic integral of the first kind

1 1
Ki(k) .= =
k) /zE[O,l] V(1 —22)(1 — k22?) /06[0,%] V1 —k2sin?6

« Hence, for a fixed k € (0,1)

& (Euler's Addition Theorem) Let

<Y Definition. Jacobi's elliptic integral of the first kind

Let
gi(z, k) := (1 — ) (1 — k*z?)

be the quartic polynomial for k € [0, 1).
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The Jacobi's elliptic integral of the first kind is the function

1

1
Bitk) = — =
(t: k) /[O,t] Vi (—, k) zef0] /(1 — 22)(1 — k%x?)

1
/ee[o,sinl(t)] V1 - k2sin 6

where the modulus 0 < k£ < 1 is fixed
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and the complete Jacobi's elliptic integral of the first kind

1 1
Ki(k) := =
(k) /xe[o,l] V(1 —22)(1 — k2z?) /06[0,%} V1 — k2sin?6

then

by/g1(a) + a+/g:1(b) )

[1]
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<Y Definition. Coordinates on the ellipse

For a > 1 the ellipse

2

T 2
—2+y:1
a

of eccentricity k := ~ ‘12_1 =4/1- al—2 € [0,1), we have two angle coordinates 6, ¢ which
satisfy

(z,5) = (acos ¢,sing)

tang = 2
x
a
r(0,a) =
(6:a) \/(cos0)? + (asin )2
1

\/1 - “Z;l (sinf)?
and we have the unintuitive coordinate

u(f) = / (0, k)df = Ey(sin 0, k)
(0.6)

\

We want to define Jacobi's elliptic functions which produces

sn(u(0),k) = y(0) = sin(¢(6)) = r(6)sind
cn(u(f),k) ==x(0)/a =cos¢p(d) =rcosb
dn(u, k) =r/a

o Then

sn?+cen?=1
dn? + k%sn? =1

« Fix a k. The definition
u(0) := E1(sin(0))
using 6 = ¢ looks like

u(¢) = E1(sing, k)
—~—
y(0(¢))

- But again using 6 = ¢ we also have
sn(u(¢)) = y(6(¢))
- This gives
u(¢) = E1(sn(u(4)))
for all ¢ € [0,2x]. Thus, it must be an identity that
Ey(sn(u)) = u

making sn the inverse of Ey, the elliptic integral of the first kind!

-

<¥ Definition. Jacobi's elliptic functions

From

.

< Definition. Jacobi's elliptic integral of the first kind

Let
g91(z, k) = (1 — 332)(1 — k2w2)

be the quartic polynomial for k € [0, 1).
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The Jacobi's elliptic integral of the first kind is the function

1

1
Ei(t, k) ::/ — =
04 v/ g1(—, k) zclog] 4/ (1 —z2)(1 — k2z2)
1
/OG[O,Sinl(t)] V1 —k2sin%6

where the modulus 0 < k < 1 is fixed
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and the complete Jacobi's elliptic integral of the first kind

1 1

Ki(k) .= =
1(k) /ze[o,l] \/(1 —z2)(1 — k%z?) /96[0,%] V1 —k2sin%0

.

using which we define Jacobi's elliptic functions of elliptic modulus & as

« On the ellipse

dz = —a2£dm
T
2
a
du = —d
u xr y
d
. Esn = % =cndn

= /1 —sn2y/1 — k2sn?
« This is expected because

Ei(sn(u)) =u <= FEj(sn(u))sn’(u) =1

< sn'(u) = 1
~ Bi(sn(w)
where E{(m) = m
« This implies
(sn(t),sn'(t)) € {y* = (1 —2®)(1 - k*z?)}

second kind
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