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Vector bundles on complex 1-manifolds

Line bundles

E On a Riemann surface M

{hol line bundles on M}~ =~ H*(M, 6*)

B Let M be a Riemann surface. Then
p>2 — HP(M,6(L)) = 0= H?(M,C) = H"(M, Z)

for a line bundle L.

& (Serre duality) If L is a line bundle on a compact Riemann surface M then

HYM,L)~ H'(M,K) ® L*)*

H°(M,LL,") = H(M,L)

<Y Definition. Degree of a line bundle on a Riemann surface

From the short exact sequence of sheaves

exp(2mi—)

0=-Z— 0 o* =1

which on a compact Riemann surface gives a long exact sequence

0—~+%2—C—C*— HYM,Z)— H(M,0) - H' (M, 6*) —
H?*(M,Z) — H*(M,0) — ...

where we have

- C — C* is surjective which means H*(M,Z) — H'(M, 0) is injective
. H(M,6) =0
- HX(M,Z) =7

so the equation becomes

HY(M,0) 1 5 o

=02 HYM,6%) S HAM,Z) -0
H(M,Z) N A Nl i/
N— —’ space of line bundles on M =¥/

= (C9/7% = (S1)%

where §([L]) is called the degree or the first Chern class of the line bundle L

Line bundles transition sections space of degree

functions live sections

in

H°(M, L)
HY(M, 0%

L — M with 9ap : Ugp — C* | s (say)
Us. CM (say)
L1 ® Ly := L1L2. gg%l)ggg) 81897 degL1 + deng
the bundle ? holomorphic line 0
L ® L* is trivial bundle hom
L' :=L*the |(gap)* —deg(L)

dual bundle is a
"multiplicative

inverse"
the canonical holomorphic
bundle differential forms

Ky :=T®0O M
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Line bundles

transition
functions live
in

HY(M,0%)

sections

space of
sections

H(M, L)

&
@™
9
D

L, for any
peM

On U, with
coordinate z
such that

z(p) =0 then

goi:==2z:UpN{p

Has a
canonical
section s;: take
the two
functions z on
U, and 1 on
{p}¢ which
becomes a
section since

z=2z1 :g()ll

This section
vanishes only at

p

Riemann
surfaces

(

\&

< Definition. C

We have

« stem.R2.C.cl
assif

o sett.Man.C
1T C
complex
tangent
space

» stem.R2.C.H
ol
holomorphic
functions

« Non-

consta

« stem.R2.C.T
C.forms
differential
forms

+ Stroke'
s
theore
m

« de
Rham

» stem.R2.C.
Mer
meromorphi
c functions

- stem.R2.C.B
un Vec

o line
bundle
s

> L has a
section that
vanishes in
(pi) 1Yy with
multiplicity m;
then it is

®(Lpi)®mi

pullback bundle

fL:={(z,q) € 1

'Yaﬁof

s: M — L such
that ros = f
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Line bundles transition sections space of degree
functions live sections
in
H°(M, L)
HY(M, 0%
On CP! we on usual a section of this | Hence the The exact
define the patches Uy, Uy line bundle is sections are just |sequence
bundle we have the given by polynomials becomes
transition holomorphic
O(n) function s0,5,:C—C |H'(CP',O(n))+0—0— H(CP
go1:=2":UpNU such that and thus so integers
1 (degree) classify
so(2) = 2"s1 <; line bundles on
dim H(CP',O(1 ¢ p! o
expanding, we O(1) = L, for
get some p € CP!
S0 = Y 102" which is of

degree 1 and

Ly Ly, ... Ly, =

E If degL < 0 then L only has trivial sections.

& If M is a compact Riemann surface of genus g then

dim H' (M, Ky;) = 2g

Jacobian

Riemann surfaces

< Definition. Connected complex C-manifolds of C-dimension 1 are called Riemann
surfaces.

We have

o stem.R2.C.classif

» sett.Man.C 1.T C complex tangent space

« stem.R2.C.Hol holomorphic functions

« Non-constant holomorphic maps between Riemann surfaces locally looks like w” and

are open maps
 stem.R2.C.Hol.global
o stem.R2.C. T C.forms differential forms

« Stroke's theorem

- de Rham
» stem.R2.C.Mer meromorphic functions
o stem.R2.C.Bun Vec

« line bundles

H'(M,0)
H(M, Z)
Jac?(M) := {line bundles of degree d}~ = Jac(M)

Jac(M) :=

There is a holomorphic map

Mot gt
(pla v 7pg—1) = LPl .- 'Lpg—l

whose image is called the theta divisor.

Vector bundles

transition functions |rank degree
E 9ap deg(FE) := deg(det(E)
E,® E, rk(E1) + rk(E»)
E1® E
det E:= AP E det(gap) 1

B (Riemann-Roch) If E — M is a holomorhic vector bundle on a compact Riemann
surface of genus g then

dim H°(M, 6(E)) — dim H' (M, 6(E)) = deg(E) + (1 — g)tkE

o If E is the trivial line bundle then &(E) = & and
dim H*(M, 6(E)) — dim H'(M,6(E)) =1—g¢

so the formula holds.

o Let L be a line bundle on M and we consider the short exact sequence
0— 6(L) 2% 6(LL,) — 6,(LL,) — 0
which gives the long exact sequence
0— H(M,0(L)) - H'(M,LL,) - C — H' (M, 6(L)) - H' (M, 6(LL,)) — 0

« By exactness the alternating sum of the dimensions must be zero therefore
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B (Birkoff-Grothendieck) If E is a rank m holomorphic vector bundle over CP* then

B o)

E

I

for some a; € Z.

- | Let E be a holomorphic vector bundle over CP! then E is trivial <=

deg E = 0and H’(CP',E(-1)) =0

deg f := deg(f"Ly)

E Let f: N — M be a holomorphic map between compact Riemann surfaces and L is a
line bundle on IN. Then

H(M, f.0(L)) =~ H(N, 6(L))
Any rank = deg f holomorphic vector bundle E — M has
f«0(L) = O(E)
If V.— M is a holomorphic vector bundle then

f[LOLRfV)2OERQV)

Each point p € M has a nbd U for which
fOL)U) = o)
i=1

With L, E as above

deg E =deg L + (1 —g(N)) — (1 — g(M)) deg f

f: N — CP!
then
deg E=degL+ (1 —g(N)) —deg f
On CP!
For

f: M — CP!
~~

genus g
for a generic line bundle L(—1) € J9~! will give
f.0(L) — CP!
will be the trivial bundle E over CP!.
We now take a section
we H(M, f*O(n))
Let U C CP! then multiplication by w defines a linear map
w(-) : H(f(U), L) — H'(f'(U), L(n))
By definition of E this is a homomorphism
W :H(U,E) — H(U, E(n))

Since W is globally defined and FE is trivial

W : H'(CP',E) - H°(CP',E(n)) ~ C"® H’(CP',O(n))

which is a m x m matrix-valued holomorphic section of O(n) which is a polynomial degree

< n with matrix coefficients

A(z) = Ao+ A1z + -+ A2"

Current note has 0 direct children and 0 total descendants.

e stem

» Objects stemming_from R-spaces of dimension 2

o Riemann surfaces

o Vector bundles on complex 1-manifolds

And it has 16 siblings.

e stem

» Objects stemming_from R-spaces of dimension 2

o Riemann surfaces

o Vector bundles on complex 1-manifolds

o Classification of complex 1-manifold

o Riemann's existence of holomorphic maps between compact Riemann

surfaces
« Divisors on compact Riemann surfaces
« Fluid

o Meromorphic differentials on Riemann surfaces

« Holomorphic functions on a complex 1-manifold

» Holomorphic maps of type 0 i> 0

» Rational maps

e Hurwitz scheme
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