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Intersection of open, dense subsets of a topological

space

.

<Y Definition. Meager subsets

Let X be a topological space. A subset S C X is

- meager if S is the union of countably many closed sets with empty interior

- comeager if S is the intersection of countably many open, dense sets

A topological space X is called Baire if every comeager subset is open and dense.

(.

Consider a meager set

n>1
closed

int=0

Its completement

open,
dense

is comeager.

for complete metric spaces

& (complete metric spaces are Baire) Let {S;},-, be a sequence of open, dense
subsets of a nonempty complete metric space X. Then the intersection

Ns

k>1

is a nonempty, dense subset of X.

Proposition: Let 2 C X be any open set. We have ((1;~; Sk) N {2 is nonempty.

- Base case: Let g € X and ry < 1 such that B(zg, 3r) C Q.

+ Induction hypothesis: Assume for k > 1, there exists x, ri such that
B(wk, 37‘k) C SN B(:Bk,l, kal)
« Inductive step: Consider

Sk+1 N Bz, )

open open
dense

« Because Si41 is dense, the intersection is non-empty.
» Because both sets are open, the intersection is open.

+ Therefore, there exists xj 1, 7,1 such that

B(xy11,37k+1) C Sk N B(zg, 7x)

RN

Ty € Bz, i)
= d(zp1,2r) < Tk

» However,
Tk
Thyl < —
=3
» This implies

d(zp+1, k) < Tk
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« Thus, {z}};>, is Cauchy and by completeness of X we have a limit

k—o00
T — Too

for some z, € X.

« We now observe that

» Therefore, for every k > 1 we have
Too € Bz, 3rr) C Sk
and

Zoo € B(z1,3r1) C B(z0,3r9) C

o Therefore,

Too € ﬂSk nQ

k>1
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