
Approximation of holomorphic functions on C by

rational functions

any holomorphic function can be uniformly approximated by

rational functions on a compact set with poles outside that

compact set

poles of rational functions can be approximately pushed to

any point

pushing poles around the plane

pushing poles to infinity
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Let f ∈ CH(U) be a holomorphic function on an open subset U ⊆ C, and let K ⊆ be

compact. Then for all ϵ > 0 we have b1, … , bn in C and a1, … , an in C ∖ K such that

f(z) −
n

∑
k=1

bk

z − ak

< ϵ on z ∈ K∣ ∣Let f be a rational function with poles on a connected open subset U ⊆ C and

K ⊆ C ∖ U be a compact set.

Then for all z0 ∈ U , ϵ > 0 there is a rational function of the form P(z)/(z − z0)n such

that

f(z) −
P(z)

(z − z0)n
< ϵ on z ∈ K∣ ∣On a compact K ⊂ C, given ϵ > 0, there is a rational function ∑n

i=1
bi

z−ai
 where ai ∉ K

then

f(z) −
n

∑
i=1

bi

z − ai

< ϵ∣ ∣Let U be connected open, K ⊆ C ∖ U compact.

​

|a − b| < |z − b| ⟹
1

z − a
= ∑

n≥0

(a − b)n

(z − b)n+1

Rb := {a ∈ U : }
rat with pole at a

 can be ufm approx by rat with pole at b

​ then Rb is open

and Rb ⊂ U contains all its limit points

thus Rb ⊂ U is open and closed, so Rb = U as U is connected

Let f be a rational function with poles on a connected open subset U ⊆ C such that

{z : |z| > R} ⊆ U and K ⊆ C ∖ U be a compact set.
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any holomorphic function can be uniformly approximated by

rational functions on a compact set with poles pushed

anywhere outside that compact set

The rational function which approximates f has poles only in S. So, the statement also says if

C ∖ K is connected, S may be empty, so the poles are at infinite/ approximation is by

polynomials.

If S ⊆ C ∖ K meets every connected component of C ∖ K, then

∀ϵ > 0(∃
P(z)

Q(z)
, z ∈ K ⟹ f(z) −

P(z)

Q(z)
< ϵ)

and the zeroes of Q(z) lies in S.

We can also use the pole pushing argument as above to further control the zeros of Q(z).

This result also generalises the Weierstrass approximation theorem in real analysis.
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And it has 19 siblings.

Then for all ϵ > 0 there is a polynomial P(z) such that

|f(z) − P(z)| < ϵ on z ∈ K

(Runge's theorem) Let K ⊆ C be compact, f be holomorphic in some open interval

containing K and S ⊆ C ∖ K which meets every connected component of C ∖ K except

the one containing {z : |z| > R} for some R > 0.

Then for every ϵ > 0 there is a rational function

n

∑
k=1

Pk(z)/(z − ak)nk

where Pk are polynomials, nk are positive integers and ak ∈ S such that

f(z) −
n

∑
i=1

Pk(z)

(z − ak)nk
< ϵ on z ∈ K∣ ∣∣ ∣(Mergelyan's theorem) Let f be a continuous function on a compact set K ⊆ C

which is holomorphic on the interior of K. Then for all ϵ > 0, there is a rational

function P(z)/Q(z) where Q(z) has zeros outside K

such that

f(z) −
P(z)

Q(z)
< ϵ on z ∈ K∣ ∣stem
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Zeros and singularities of holomorphic functions
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