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Riemannian symmetric spaces

C D

< Definition. Riemannian symmetric spaces

A Riemannian locally symmetric space is a Riemannian manifold (M, g) such that for
each m € M there is a neighborhood U,, C M of p and a local isometry which is a
geodesic symmetry or a point reflection

om :Upm — Up,
om(m) =m
@mO'm = _IdTmM

A Riemannian (globally) symmetric space is a Riemannian manifold (M, g) such that
for each m € M there is a (global) isometry which is a geodesic symmetry or a point

reflection

Om - M — M
om(m) =m
Dmom = —ldr m

& Every Riemannian (globally) symmetric space is Riemannian homogeneous, and thus
complete.

& A Riemannian manifold (M, g) is a locally symmetric space <= its Riemann curvature
tensor is parallel VR, = 0.

[ Let (M, g) be a complete, simply connected Riemannian manifold with parallel Riemann
curvature tensor. Then (M, g) is a symmetric space.

Corollary: Let (M, g) is a complete, connected Riemannian manifold. Then the following

are equivalent:

« (M, g) has parallel curvature tensor

« (M, g) is a Riemannian locally symmetric space

° (M’ g) %Riem (X’gX)/]_"

where (X, gx) is a Riemannian (globally) symmetric space and I is a discrete Lie group

that acts freely, properly and isometrically on (X, gx).
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