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Holomorphic functions meromorphic at infinity

A holomorphic function

f : {z ∈ C ∣ |z| > R} → C

is meromorphic at ∞ for all M > 0 there is a r ∈ (R, ∞) such that

|z| > r ⟹ |f(z)| > M

Equivalently

is meromorphic at w = 0

D∗
1
R

→ C

w ↦ f (
1

w
)

Meromorphic function on the complex plane

A holomorphic function

f : z0 + D∗
R → C

is meromorphic at z0 if

|f(z)| ∞

which means

∀M > 0∃r ∈ (0, R) : |z − z0| < r ⟹ |f(z)| > M

z→z0

−→

By

we have for all w ∈ D∗
r

f (
1

w
) =

h(w)

wk
= f(z) = znh(

1

z
)

where h is holomorphic on some Dr, h(0) ≠ 0 and k is a positive integer called the order

of the pole of f at infinity.

Thus for any function f that is meromorphic at z0, there is a holomorphic

h : z0 + Dr → C and positive integer k called the order of the pole at z0 such

that

f(z) =
h(z)

(z − z0)k
 on z0 + D∗

r

Moreover h(z0) ≠ 0.

Non constant entire functions are meromorphic at infinity.
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