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Intuition

Let

f : U  (open) ⊆ R
n → R

m

be a map. Then the derivative of f at p ∈ U is the linear map

Dpf : TpR
n → TpR

m

such that

f(p + v) ≈ f(p) + Dpf(v)

Derivative of a map U ⊆ R
n → R

m at a point

Let

f : U  (open) ⊆ R
n → R

m

be a map. Then the derivative of f at p ∈ U is the linear map

Dpf : TpR
n → TpR

m

such that

lim
v→0

f(p + v) − f(p) − Dpf(v)

|v|
= 0

⟺ lim
v→0

|f(p + v) − f(p) − Dpf(v)|

|v|
= 0

⟺ lim
x→p

|f(x) − f(p) − Dpf(x − p)|

|x − p|
= 0

⟺ ∀ϵ > 0∃r(ϵ) > 0 :

∀x ∈ Br(ϵ)(p), |f(x) − f(p) − Dpf(x − p)| ≤ ϵ |x − p|
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