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Conical limit set

-

< Definition. Conical limit point
A point £ € 0, RH™ is a conical limit point of G < Isom(RH™") if 3z € RH™ and
{gn} C Isom(RH")

- and there exists a geodesic ray 7 with y(co) = £ such that

n—,oo

gnT — €
Ir > 0:{gnz} C B,(y)

{ w } is bounded

1 —|gn(z)|
(in the ball model B")
The set of all such conical limit points is the conical limit set

A (T') € A(T)

- For a countable dense subset {z,} C B™ we have

A(T) = (U L(@as , 1)

n>1k>0

I Proposition: Let I' <4 Isom(RH™). Then I" converges at n —1 <= m(A.(T')) = 0.

« For a countable dense subset {z,} C B™ we have

Ac(r) = ﬂ U L("Ena k, 1)

n>1k>0

and

Proposition: Let I' converges at (n — 1)a. Then

Mgn-1 (U L(a,k, a)) =0

k>0

Let T = {yn} and z,, := v, '(0). Then

A (T) = U ﬂ U b(o, x,, 9)

6>0 N>1p>N

I Proposition: Let I' be cocompact. Then A(T') = A.(T') = ORH™.

There exists € > 0 such that D(I") C By_¢(0).
- For any £ € ORH" and o be the ray extending of.

. (D) (D) No # 0}

is infinite

& Let T be convex cocompact. Then A(T') = A.(T).

Let £ € A(T'),z € convex(A) and o be the ray extending €. Then o C convex(A).

Proposition: Let v be a I'-conformal density of dimension a.
1 I converges at « = v(A.(T)) =0
' <= I'divergesat a = v(A.(T")) >0
2. v(A(T)) >0 = v(A.(T)) =1
3. (A.(T')) =1 <= geodesic flow is completely conservative
4. I converges at « = v(A.(T')) =0
5. geodesic flow is completely conservative = it is ergodic
6. geodesic flow is ergodic <= I' ~ (0°RH™,v ® v|p2pg~) is ergodic
7.T'~ (0’RH™, v ® V|gerpn) is ergodic = T' ~ (RH" x RH",v ® v) is ergodic
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I" diverges at «
— v(A (")) >0
— v(A () =1
—TIn~ (82RH”, Ve V\azRHn) is ergodic

T diverges at §(T")
— v(A(T)) >0
<— v(A.(T")) = v(ORH™)

<= T ~ (ORH" x ORH", p) is ergodic
( N
convex cocompact cusped
< A(T) = A.(T) geometrically finite
< A(T') = A(T) UA,L(T)
e (T4(D)) < o0
(finite BMS current)

T converges at §(T")
= v(A(T)) =0

~
e P I L oo [ I I

groups without parabolics groups with parabolics

Proposition: I' ~ (ORH", [v]) is ergodic <= v is the unique I'-conformal density of

dimension dim v (based at the base point of v) upto scaling by a constant.
I Proposition: I" converges at a = v*(A.(T")) =0
[1]
I Proposition: v(A.(T')) is either 0 or of full measure
2]

Proposition:

« A.(T) has full »-measure <= g is conservative

« U(A(T)) =0 < g is completely dissipative

By

“ Proposition: v(A.(T')) is either 0 or of full measure

I Proposition: T" diverges at a« <= g¢' is conservative.

(=) By
I Proposition: I" converges at a —> v*(A.(T")) =0
and

Proposition:

o A (T) has full v-measure <= ¢ is conservative

« Y(A(T)) =0 <= g" is completely dissipative

(=)

. v(Z1(7) = €

v(22(7)) = v(v(v ' S2(7)))

: - /{: IPRGRY
? > A(T') exp(—ad(o,v(0)))

o Let J:=A x S 1 C TYRH". Then
p(J N g~ "7y(J)) > Ay exp(—ad(0,7(0)))
E,:=Jng "T'(J)

. w(En) = p(J N g "T(J))
W(Enim N Ep) = p(JNg " "T(J)Ng "T'(J))

I Proposition: 8.3.2 g* conservative <= g' ergodic
I Proposition: g' ergodic <= T' ~ (JRH" x ORH",v ® v) is ergodic

I' ~ (RH" x RH",v ® v) is not ergodic
o <= thereis a subset Q C ORH"™ x ORH™

©:= {W(A) for g*, T-invariant subset A C

which is T-invariant and v @ v(Q) > 0
+ <= thereis a subset

A:=Q xR

which is g'-invariant, T-invariant and v ® v ® m(4) > 0
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2. (Theorem 4.4.4.) <
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