
Conical limit set

Proposition: Let Γ <d Isom(RHH n). Then Γ converges at n− 1 ⟺  m(Λc(Γ)) = 0.

Proposition: Let Γ be cocompact. Then Λ(Γ) = Λc(Γ) = ∂RHH n.

Proposition: Let ν be a Γ-conformal density of dimension α.

Info

This note, that was found here, as a part of a collection

is written (completely with human hands) by Rupadarshi Ray,

was created on March 25, 2026 5:10:59 PM,

was last modified on September 2, 2026 11:30:42 AM, and

was exported on September 7, 2026 3:10:03 PM.

Conical limit point

A point ξ ∈ ∂∞RHH n is a conical limit point of G ≤ Isom(RHH n) if ∃x ∈ RHH n and

{gn} ⊆ Isom(RHH n)

The set of all such conical limit points is the conical limit set

Λc(Γ) ⊆ Λ(Γ)

and there exists a geodesic ray γ with γ(∞) = ξ such that

gnx ξ

∃r > 0 : {gnx} ⊆ Br(γ)

n→∞
−→

⟺

{
|ξ− gn(x)|

1 − |gn(x)|
} is bounded

(in the ball model Bn)

For a countable dense subset {xn} ⊆ Bn we have

Λc(Γ) = ⋂
n≥1

⋃
k>0

L(xn, k, 1)

and

For a countable dense subset {xn} ⊆ Bn we have

Λc(Γ) = ⋂
n≥1

⋃
k>0

L(xn, k, 1)

Proposition: Let Γ converges at (n− 1)α. Then

mSn−1 (⋃
k>0

L(a, k,α)) = 0

Let Γ = {γn} and xn := γ−1
p (o). Then

Λc(Γ) = ⋃
δ>0

⋂
N≥1

⋃
p≥N

b(o,xp, δ)

...

There exists ϵ > 0 such that D(Γ) ⊆ B1−ϵ(o).

​ For any ξ ∈ ∂RHH n and σ be the ray extending oξ.
–

{γ(D)|γ(D) ∩ σ ≠ ∅}

is infinite

...

Let Γ be convex cocompact. Then Λ(Γ) = Λc(Γ).

Let ξ ∈ Λ(Γ),x ∈ convex(Λ) and σ be the ray extending xξ. Then σ ⊆ convex(Λ).
–

​ ...

1. 
Γ converges at α ⟹ ν(Λc(Γ)) = 0

⟺ Γ diverges at α ⟹ ν(Λc(Γ)) > 0

2. ν(Λc(Γ)) > 0 ⟹ ν(Λc(Γ)) = 1

3. ν(Λc(Γ)) = 1 ⟺  geodesic flow is completely conservative

4. Γ converges at α ⟹ ν(Λc(Γ)) = 0

5. geodesic flow is completely conservative ⟹  it is ergodic

6. geodesic flow is ergodic ⟺  Γ ↷ (∂ 2
RHH n, ν ⊗ ν|∂ 2RHH n) is ergodic

7. Γ ↷ (∂ 2
RHH n, ν ⊗ ν|∂ 2RHH n) is ergodic ⟹  Γ ↷ (RHH n × RHH n, ν ⊗ ν) is ergodic
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(finite BMS current)

groups without parabolics groups with parabolics

Proposition: Γ ↷ (∂RHH n, [ν]) is ergodic ⟺  ν is the unique Γ-conformal density of

dimension dim ν (based at the base point of ν) upto scaling by a constant.

Proposition: Γ converges at α ⟹  να(Λc(Γ)) = 0

[1]

Proposition: ν(Λc(Γ)) is either 0 or of full measure

[2]

Proposition:

Proposition: Γ diverges at α ⟺  gt is conservative.

Proposition: 8.3.2 gt conservative ⟺  gt ergodic

Proposition: gt ergodic ⟺  Γ ↷ (∂RHH n × ∂RHH n, ν ⊗ ν) is ergodic

Current note has 0 direct children and 0 total descendants.

Γ diverges at α

⟺ ν(Λc(Γ)) > 0

⟺ ν(Λc(Γ)) = 1

⟺ Γ ↷ (∂ 2
RHH

n, ν ⊗ ν|∂ 2RHH n) is ergodic

Λc(Γ) has full ν-measure ⟺  gt is conservative

ν(Λc(Γ)) = 0 ⟺  gt is completely dissipative

By

Proposition: ν(Λc(Γ)) is either 0 or of full measure

(⟹ ) By

and

Proposition: Γ converges at α ⟹  να(Λc(Γ)) = 0

Proposition:

Λc(Γ) has full ν-measure ⟺  gt is conservative

ν(Λc(Γ)) = 0 ⟺  gt is completely dissipative

(⟸ )

​
ν(Σ1(γ)) ≥ ϵ

ν(Σ2(γ)) = ν(γ(γ−1Σ2(γ)))

= ∫
ξ∈γ−1Σ2(γ)

b(ξ)αdν

? > λ(Γ) exp(−αd(o, γ(o)))

Let J := Δ × Sn−1 ⊆ T uRHH n. Then

μ(J ∩ g−d(o,γ(o))γ(J)) > λ1 exp(−αd(o, γ(o)))

En := J ∩ g−nΓ(J)

μ(En) = μ(J ∩ g−nΓ(J))

μ(En+m ∩En) = μ(J ∩ g−n−mΓ(J) ∩ g−nΓ(J))

...

Γ ↷ (RHH n × RHH n, ν ⊗ ν) is not ergodic

​ ⟺  there is a subset Q ⊆ ∂RHH n × ∂RHH n

Q := {

which is Γ-invariant and ν ⊗ ν(Q) > 0

π(A) for gt, Γ-invariant subset A ⊆

⟺  there is a subset

A := Q× R

which is gt-invariant, Γ-invariant and ν ⊗ ν ⊗m(A) > 0
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1. (4.4.1)↩︎

2. (Theorem 4.4.4.) ↩︎
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