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. Lz[O, 1] > Hilb l2(Z, (C)

B (Parseval's and Riesz-Fischer theorems) Let f € L?[0,1]. Then the partial
Fourier summation converges to f almost everywhere and in L?

N—oo 9
Snf—— f ae and L

and the Fourier transform is a C-linear bijection
. L2 [0, 1] =Hilb lz(Z,(C)

which satisfies || f||, = Hsz (is an isometry).

trignometric series for an [? sequence

- Let ¢, € I*(Z,C) and consider

Tn(z) := Z c, e e

—N<n<N

o The series satisfies

2 2
1T = Tull3 = > lewl
M<m<N

and thus {Ty} is a Cauchy sequence in L?[0,1].

- By completeness of L?[0,1], there is a limit

L2
T fim T

that means

N
IT - Tw|l, —— 0

« Fixn € Z. For N > |n| we have

T(n) —Tn(n)= | (T —Ty)en
(0,1]
— |T(n) = ea| < |IT—Twlly
<|T- TN||2
N—o0
— 0
o Therefore,
T(n) = cn

Hence,

Proposition: Let ¢, € 1?(Z,C). Then
(Z Cne2m’nac> e L2[0, 1]
neL

and it's Fourier transform is c itself
Z cpe?™nz | (n) = ¢,
neZ

that is

> ()€™ 1%(Z,C) — L*[0,1]

neZ

when composed with the Fourier transform is Idp 7, c).

Fourier transform of L?[0, 1]

- Let f € L?[0,1] and consider a trignometric polynomial

bne—2m’n0
—N<n<N
o Then
2
Hf _ Z bne—27rin0
—N<n<N )
=||f||§—<f, 3 b>
—N<n<N
2
_< Z bneZﬂ'inG,f>+ Z bnef27rin0
—N<n<N —N<n<N 2
=Iflz = > f@ba— Y fmba+ Y (bl
—N<n<N —N<n<N —N<n<N
~ 2 ~ 2
= Y - - Y i)
—N<n<N —N<n<N

« Then the trignometric polynomial for which the mean square error

—2mind ||2 . ;
Hf — ) N<n<nbne H2 is mimum must be when

b, = f(n)
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And then

=1f2- 3 ||

2 —N<n<N

Hf _ Z f-(n)e—2m'n0

—N<n<N

« In particular, because || 113 > 0 we have

> |fm| <3
—N<n<N

for every N > 0.

» This implies the sum
|7, =3 e

nez

converges and (Bessel's inequality)

11 < 112
o As
fel?(z,0)

for ¢, = f(n), from

Proposition: Let ¢, € [?(Z,C). Then
(Z cne27rim:> e LZ[O, 1]
neZ

and it's Fourier transform is c itself

—

(Z cne21r'ina:) (’I’I,) =c,
neZ

that is

> ()ne®™ : 1%(2,C) — L*0,1]

neZ

when composed with the Fourier transform is Idpz ).

we conclude

(Z f(m)em) (n) = f(n)

meZ

o Therefore,

<Z f(m)em) =f ae on [0,1]

meZ
and thus
Snf= Z f(m)em Noee, f ae and L2
—N<m<N

« In particular, taking Il Il 2 of the converging sequence implies

D

—N<n<N

)| === A = 11

Current note has 0 direct children and 0 total descendants.

o stem

» subobjects of and functions on R", §™, C™_and its quotients F\Rn, F\(Cn

o Fourier
° - N LQ{O, ]_} gHHb l2(Z,(C)

And it has 10 siblings.

o stem

« subobjects of and functions on R"™,S™ C"_and its quotients F\Rn, F\(Cn

« Fourier
« Fourier transform on L?(—A, A) < L*(R)

e LQ(O,OO) =Hilb ﬁQ(H%)

o Fourier transform on R"

« Fourier transform on S!,_Fourier series on [0, 1]

« Functions on S'_with absolutely converging_Fourier series, I'(S?)
« Fourier transform of distributions on S*!

« T :LY0,1] — Cy(Z,C)

e T L2[0,1] 2 12(Z,C)

o Fourier transform of measurable subsets

Unsharpness principles
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