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Motonone functions on R

Let f : I (open interval) ⊆ R → R be a function. Then

f is monotonically increasing on I if for each x, y ∈ I x ≥ y implies f(x) ≥ f(y)

f is strictly increasing on I if for each x, y ∈ I x > y implies f(x) > f(y)

​ ⟺  for c ∈ I, f(x) − f(c) has the same sign as x − c for all x ∈ I

Let f : I (open interval) ⊆ R → R be differentiable. Then f is strictly monotonic ⟺

Z(f ′) does not contain an open interval/has empty interior/every stationary point is

isolated and

f ′ does not change sign on I ∖ Z(f ′).

(⟹ )

​ If Z(f ′) contains an open interval, then by

f is constant on that interval. Hence, it is not strictly monotonic.

(Lagrange's mean value theorem) Let a continuous function

f : [a, b] → R

be differentiable on (a, b). Then there is a point c ∈ (a, b) at which

f(b) − f(a) = (b − a)f ′(c)

Let f is strictly decreasing. Then by

f ′ < 0 on I ∖ Z(f ′).

(Strictly positive derivative ⟹  locally (strictly) increasing) Let

f : (a, b) → R be differentiable at c ∈ (a, b) and

f ′(c) > 0 or  + ∞

then there is a I(c) ⊆ (a, b) in which f(x) − f(c) has same sign as x − c,

that is, f is strictly increasing on I(c).

(⟸ ) Let f ′ ≥ 0. Then by

we conclude f is increasing on I.

Hypothesis on 

f ′

Consequence of 

f ′ ≥ 0 on (a, b) ∀x1 < x2 ∈ (a, b), f(x1) − f(x2) ≥ 0

 thus f is increasing on (a, b)

f ′ = 0 on (a, b) ∀x1 < x2 ∈ (a, b), f(x1) − f(x2) = 0

 thus  f is constant on (a, b)

f ′ ≤ 0 on (a, b) ∀x1 < x2 ∈ (a, b), f(x1) − f(x2) ≤ 0

  thus f is decreasing on (a, b)

f ′ < 0 on (a, b) ∀x1 < x2 ∈ (a, b), f(x1) − f(x2) < 0

  thus f is strictly decreasing on (a, b)

f ′ > 0 on (a, b) ∀x1 < x2 ∈ (a, b), f(x1) − f(x2) > 0

 thus f is strictly increasing on (a, b)

f ′ = α is a constant on (a, b) or 

f ′′ = 0

 on (a, b)

f(x) − αx has zero derivative, thus f is 

linear 

f(x) ≡ f ′(0)x + f(0)

Corollary of mean value theorem: If

f : (a, b) → R

is differentiable, then for any proper

subinterval (x1, x2) ⊂ (a, b) by mean

value theorem we have

∃x ∈ (x1, x2) : f(x2) − f(x1) = (x2 − x

​ If there are x, y ∈ I such that f(x) = f(y), then

f ≡ f(x) on [x. y]

⟹ f ′ ≡ 0 on [x, y]
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So if Z(f ′) are isolated, we conclude that f must be strictly increasing.

Let A ⊆ [0, 1] be a compact subset with empty interior. Then there exists a f ∈ C
1[0, 1]

such that Z(f ′) = A.

Let the connected components of [0, 1] ∖ A be

I1, …

​ Then

In ∩ (0, 1) = (an, bn)
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