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Adherent points and closure

Let S ⊆ M and x ∈ M. If every r–BM (x) contains at least one point of S

r–BM (x)  ∩ S ≠ ∅, ∀r > 0

then x is an adherent point or x is adherent to S.

The closure of S is

closure(S) := {x ∈ M : x is adherent to S}

x ∈ S ⟹ x adheres to S trivially because x ∈ r–BM (a)

​ ⟹ S ⊆ closure(S)

Accumulation points AKA limit points

Let S ⊆ M and x ∈ M. If every r–BM (x) contains at least one point of S,  a ≠ x

(r–BM (x)  ∩ S) ∖ {x} ≠ ∅, ∀r > 0

then x is an accumulation point or a limit point of S.

The derived set of S

accu(S) := {x : x is an accumulation point of S}

x is an accumulation point ⟺  x is adherent to S ∖ {x}

closure(S) = accu(S) ∪ S

Isolated point

If a ∈ S and a is not an accumulation point of S, then a is called an isolated point of S.

Set of all isolated points = S ∖ accu(S)

Closed set

A set S ⊆ M is an closed set if M ∖ S is an open set.

A subset S of a metric space M is closed iff it contains all its adherent points, i.e.

S is closed  ⟺ closure(S) ⊆ S

A subset S of a metric space M is closed iff it contains all its accumulation

points/limit points, i.e.

S is closed  ⟺ accu(S) ⊆ S
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