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Measurable functions on Rn

Let E ⊆ R
n be a measurable subset. A function f : E → R is measurable if

f−1(−∞, a) = {f < a}

is measurable for all a ∈ R.

Let

f : Rd → [0, ∞)

be a measurable function. Then there exists a sequence of simple functions

{φn : Rd → [0, ∞)} such that

ϕn ↗
n→∞

f

Consider the N-th truncation of f

which is bounded

FN : Rd → [0,N ]

has support ⊆ [0,N ]d and converges to f pointwise

FN f

FN :=f1[0,N ]d∩{f≤N} + N1[0,N ]d∩{f>N}

N→∞
−→

​ Now we parition the codomain [0,N ] of FN  into MN parts and approximate FN  by

the simple function

FN ,M := ∑
0≤l≤NM

l

M
1{ l

M <FN≤ l+1
M }

This implies

0 ≤ FN − FN ,M ≤
1

M

Then

ϕk := F2k,2k ↗
n→∞

f

(Ergorov) Let (fn) be a sequence of measurable function on E ⊆ R
d with m(E) < ∞

and

fn → f aeon E

Then for any given ϵ > 0 we can find a closed set Aϵ ⊂ E such that m(E − Aϵ) ≤ ϵ

and

fn f on E
uniformly

−→

(Lusin) Let f be measurable function on E ⊆ R
d with m(E) < ∞. Then for every

ϵ > 0 there exists a closed set Fϵ ⊂ E such that m(E − Fϵ) ≤ ϵ so that

f
Fϵ

is continuous. ∣stem
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Integrability and integral of measurable functions on Rn

Hardy-Littlewood maximal functions of L1
loc

(Rn)

Lebesgue averaging and differentiation

Integrals of a monotonically converging sequence of functions

Lebesgue integral from measure of undergraph

Lp,q

E([0, 1]) = E(0, 1), E([−π, π]) = E(S 1)
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