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The complex logarithm
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complex logarithm on the split plane
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<« Definition. The complex logarithm
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the Riemann surface of log is U(C*)

<« Definition. Z ~ (UC),+)
(€, %)
Consider
C*:=C\ {0}

and take the open subset C\ (—o0,0] and the open rectangle R := (—00,0) x (—1,1)

and take Z many copies
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and consider the gluing functions
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for every k € 7Z
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and glue them together using the gluing functions

I~~~
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« We have the branches of the log function on the Z-many sheets

where log
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<« Definition. The complex logarithm
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These functions agree with the gluing functions
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Thus we have a continuous log on U(C*) which is actually holomorphic

Proposition: The function

is holomorphic.

Thus we have

log on U(C*) is

log : U(C*) —» C

log: U(C*) —» C

a biholomorphism to C
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Proposition: The holomorphic function

log: U(C*) - C
(z,0) — log(|z|) + i6

is a bijection and thus a biholomorphism.

Therefore, we have a commutative diagram

log

(C \{0) —  —— C
(z,0) - — log(z,0)

N A

C\ {0}

7(z,0) = z = exp(w)
Riemann surface of log through a holomorphic 1-form
The 1-form

is a closed 1-form on C* but not exact as

1 .
/ —dz = 2
g1 z

But when pulled back onto U(C*) the 1-form
1 X
;dz on U((C )

is exact because U(C*) is simply connected.

The function

Proposition: The function
log: U(C*) —» C

is holomorphic.

is precisely its anti-derivative.
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« Elliptic integrals and Jacobi elliptic functions

» The complex exponential exp(z)
. exp ( z+1 )

2
° ei',L)

+ [Only sum terms that are multiples of N in
C[[#|(https : //rupadarshiray. github. io/notes/Y chnxQISF1RsuK jBnt Mv8a.

Il

1
¢ f z2+br+c
exp(z)
1-2

e Sinx

« sin(z sin(z))

sin x
T

e stock.sin x by xk
2

e Sinx

o V22 —1
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