
Algebraic number fields

algebraic numbers and integers
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Proposition: The minimal polynomial mα of an algebraic number α has integer

coefficients ⟺  it is an algebraic number, that is,

mα(X) ∈ Z[X] ⟺ α ∈ OK

Corollary:

OQ = Z

Corollary: Let K be a number field then OK is a ring and

QOK = K

norms and traces
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Question

Is algebraic number theory study of algebraic numbers or subfield of number theory that

uses algebraic tools?

Algebraic numbers and integers

A number field is a finite extension

K ≥ Q

whose elements are algebraic numbers in K.

An algebraic integer in K is a root α ∈ p−1(0) ⊂ K of a monic polynomial

p ∈ Z[X] ⊂ Q[X] ⊂ K[X] which constitute the ring of integers

OK {α ∈ K|p(α) = 0, p ∈ Z[X]}

⟹  is easy. So we assume α is an algebraic integer, so there is a monic polynomial

f ∈ Z[X] such that

f(α) = 0

and we know

f

mα

(X) = g(X) ∈ Q[X]

​ Assume g(X) ∉ Z[X] then there is a coefficient which in reduced form has a

denominator ≠ 1 ⟹  there is a prime p which divides it.

Let u > 0 be the largest integer such that pug does not have any denominators

divisible by p. And say v > 0 be the smallest integer such that pvh has no

denominator divisible by p. We have

pugpvh = pu+hf

Going modulo p we have

(pug mod p)(pvh mod p) = 0 ∈ Zp[X]

where the left side is a product of non-zero polynomials pug mod p and pvh mod p

(non-zero as they do not have any denominators divisible by p), but it's product is

zero, which contradicts Zp being a field.

The minimal polynomial of a
b
 is X − a

b
 which has integer coefficients ⟺  a

b
∈ Q.

Let K be a number field and α ∈ K. Then α is an algebraic integer ⟺  the Abelian

group

Z[α]

is finitely generated.

Example

Z [
1

2
]

is not finitely generated as 1
2 is not an algebraic integer in Q.

Norm and trace for a finite extension of number fields

Let L ≥ K be a finite extension of number field K. Then we have an embedding

K ↪ EndVecK(L)

as scalars. We call

NL/K(α) := det(α) ∈ K
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Proposition: Let K ≤ L be an extension of number fields of degree n. Then there are n

distinct embeddings

L ↪ K̄

Proposition:

Then for α ∈ L we have

Corollary from norm and trace: Let K be a number field.

Proposition: Let K be a number field. Then

OK

is a free Abelian group of rank [K,Q].

Proposition: Let K be a number field. Then OK is integrally closed.

ideal numbers

Proposition: Let I be a non-zero ideal of OK then N(I) is finite and

N(αOK) = NK/Q(α)

discriminant

as the norm of α and

trL/K(α) := tr(α)

as the trace.

Norm is multiplicative and trace is additive as det, tr are like that resp.

For a ∈ K we have

NL/K(aα) = adeg L/KNL/K(α)

and

trL/K(aα) = traL/K(α)

Conjugates

Let K ≤ L be an extension of number fields of degree n. From

we have

σ1, … , σn

are n embeddings L ↪ K̄ < C. Then for α ∈ L we call

σ1(α), … , σn(α)

conjugates of α.

Proposition: Let K ≤ L be an extension of number fields of degree n. Then there are

n distinct embeddings

L ↪ K̄

Conjugates

Let K ≤ L be an extension of number fields of degree n. From

we have

σ1, … , σn

are n embeddings L ↪ K̄ < C. Then for α ∈ L we call

σ1(α), … , σn(α)

conjugates of α.

Proposition: Let K ≤ L be an extension of number fields of degree n. Then there

are n distinct embeddings

L ↪ K̄

NL/K(α) =
n

∏
i=1

σi(α)

trL/K(α) =
n

∑
i=1

σi(α)

α ∈ OK ⟹  norm and trace of α belongs to Z, so

N , tr : OK → Z

norm of α is ±1 (unit in Z) ⟺  α is a unit in OK

Let I ⊆ R be a non-zero ideal, then the norm of I is

N(I) :=
R

I∣ ∣∣ ∣The set of all non-zero fractional ideals

IK

of a number field K forms a group under multiplication.

Signature of number fields

Let K be a number field of degree n with r1 number of real embeddings and r2 number of

complex embeddings from

app://obsidian.md/stem.q.ext%20finite#^xagwg3
af://h2-4
af://h2-5


Given n embeddings

σk : K → C

we have the product

And given a Z-basis {α1, … , αn} of OK we have n × n matrix

[σ]{α1,…,αn} = (σi(αj))i,j

The determinant

det(σi(αj))

computes "volume" of K/OK, which serves as a is a measure of density of OK in K.

To get a real number we rather consider

det([σ]2
{σ1,…,σn}) = det trK/Q(αiαj) ∈ Z

Proposition: The symmetric bilinear form

is non-degenerate. Thus ΔK ≠ 0.

Hence, ΔK ≠ 0.

prime decomposition and ramification

Proposition: Let p ⊂ OK be prime ideal. Then

We have the morphisms

Z ↪ OK → OK/p

whose kernel is

{a ∈ Z ∣ a ∈ p} = p ∩ Z = pZ

so by quotienting

Zp ↪ OK/p

which is a finite field extension of Zp.

N(p) = |OK/p| = pf(p)

Then

sig(K) := (r1, r2)

where n = r1 + 2r2.

Proposition: Let K ≤ L be an extension of number fields of degree n. Then there are

n distinct embeddings

L ↪ K̄

σ : K → Cn

x ↦ (σ1(x), … , σn(x))

Discriminant

Let α1, … , αn ∈ K. Then

disc(α1, … , αn) := det trK/Q[αiαj]i,j ∈ Z

In particular, if α1, … , αn is a Z-basis of OK then its disc is called the discriminant ΔK

of K.

K × K → Q

(x, y) ↦ trK/Q(xy)

N(p) ∈ p ∩ Z

p ∩ Z is a prime ideal of Z

Hence,

p ∩ Z = pZ

for some prime p ∈ Z.

Prime ideals above primes

When

we say p is above p

Proposition: Let p ⊂ OK be prime ideal. Then

N(p) ∈ p ∩ Z

p ∩ Z is a prime ideal of Z

Hence,

p ∩ Z = pZ

for some prime p ∈ Z.

ι

The inertial degree of p ⊂ OK above p ∈ Z is

f(p) := dimZp
(OK/p)

Ramification index of OK
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Proposition: In

we have

[K : Q] =
g

∑
i=1

e(pi)f(pi)

Proposition: Let K be a number field, ∃θ such that

OK = Z[θ]

and p ∈ Z prime. Let

mθ(X) mod p =∏
i

ϕi(X)ei  in Zp[X]

with ϕi coprime and irreducible. Then setting

pi := (p,
~
ϕi(θ)) = pOK +

~
ϕi(θ)OK

where 
~
ϕi is any lift of ϕi to Z[X], gives us the factorization of pOK = OK

pOK = p
e1
1 … p

eg

[2]

Corollary of

There are only a finite number of ramified primes for a number field K.

[3]

ideal class group

glossary

K
algebraic 

integers

elements norm trace number 

of 

embedding

s into C

ΔK

Q Z

Q(√2) Z[√2]?
a + b√2

a2 − 2b2 2a 2; 

√2 ↦ √2, −

Q(i) that 

is Q(√−1)
Z?

Q(√5)

Z[
1 + √5

2
]

2; 

√5 ↦ √5, −

5

Q(√m) ?

number fields vs elliptic curves

Let p ⊂ OK be a prime ideal above p ∈ Z. We call ramification index of p, e(p), the

power of p that divides pOK.

Hence,

pOK = p
e(p1)
1 … p

e(pg)
g

We say p is ramified if e(pi) > 1 for some i, otherwise p is non-ramified (that is, when

pOK = p1 … pg).

Ramification index of OK

Let p ⊂ OK be a prime ideal above p ∈ Z. We call ramification index of p, e(p), the

power of p that divides pOK.

Hence,

pOK = p
e(p1)
1 … p

e(pg)
g

We say p is ramified if e(pi) > 1 for some i, otherwise p is non-ramified (that is, when

pOK = p1 … pg).

As

and since norm is multiplicative and

we have

N(p
e(p1)
1 …) =∏

i

pf(pi)e(pi)

pOK = p
e(p1)
1 … p

e(pg)
g

p[K:Q] = N(pOK) = N(p
e(p1)
1 … p

e(pg)
g )

N(p) = |OK/p| = pf(p)

Inert, totally ramified primes

e f g

inert 1 n 1

totally ramified n 1 n

Let K is a number field. Then p is ramified ⟺  p ∣ ΔK.

Let K is a number field. Then p is ramified ⟺  p ∣ ΔK.
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number fields 

K

elliptic curves 

E := V (y2 − f(x))

 where f(X) is a smooth cubic

ring of integers 

OK

 whose elements are roots of monic 

polynomials

rational points on the elliptic curves 

E(Q) := E ∩ QP 2

 

⟹ E(Q) ≅E(Q)tors ⊕ Zrank(E/Q)

O
×
K  is a finitely generated Abelian group 

with rank r1 + r2 − 1, 

⟹ O
×
K = μ(K)

torsion

⊕ Zr1+r2−1

Class group 

Cl(K)
Ш(E/Q)

 Shafarevich-Tate group

Dedekind zeta function 

(Analytic class number formula ~1839) 

lim
s→0

ζK(s)

sr1+r2−1
= −

RKhK

∣μ(K) ∣

ramification in number theory and algebraic geometry

Proposition: Let D be any Dedekind domain with fraction field K, L/K a finite separable

field extension and R the integral closure of D in L. Then R is again a Dedekind domain.

So

Proposition: Let K be a number field.

Then

OK

is a free Abelian group of rank [K,Q].

(Mordell-Weil theorem) F  be a

number field (finite extension of Q)

and E(F) be an elliptic curve curve (

y2 = f(x)) with a F -rational point

O ∈ E(F) then

(E(F), +, O)

is a finitely generated Ab group.



ζK(s) := ∑
I⊆OK

1

NK/Q(I)s

= ∏
p⊆OK

1

1 − NK/Q(p)s

Hasway-Weil L-function L(E, s) is a

meromorphic function on C where

L(E, s) =∑
n≥1

an

ns
= ∏

primes p

(1 −
ap

ps
+ ϵ(

where

ϵ(p) = {
0
1

​ an is recovered via ap for p primes

ap =
⎧⎪⎨⎪⎩p + 1 − |{E(Fp)}| good red

±1 mult red
0 not good

Birch and Swinnerton-Dyer

conjecture

Let E(F) where F  be a number field.

Then analytic rank(E) = order at s = 1

of L(E, s) = algebraic rank(E) = r.

(implicit in this conjecture is L(E, s) is

holomorphic at s = 1)

Finer version using other refined

invariants of E

Ramified primes in Dedekind domains

From

given any prime ideal p ⊂ D of a Dedekind domain D, we have a primary decomposition

pR = β
e1

1 … βer
r

where ek is called the ramification index of the prime βk. A prime p is called ramified if

some ramification index ek > 1.

We say L/K is unramified if all prime ideals of R are unramified in L.

Proposition: Let D be any Dedekind domain with fraction field K, L/K a finite

separable field extension and R the integral closure of D in L. Then R is again a

Dedekind domain.

Ramification points of morphisms of curves

Let X, Y  be two curves (complete, non-singular, 1 dimensional integral scheme over k = k̄

). Let

f : X → Y

be a finite morphism, P ∈ X and Q = f(P). Then f is unramified at P  if

the induced map on stalks

OY ,Q → OX,P

gives

https://en.wikipedia.org/wiki/Birch_and_Swinnerton-Dyer_conjecture
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Current note has 0 direct children and 0 total descendants.

And it has 2 siblings.

and otherwise it is ramified at P .

The map f is unramified if it is unramified at every point, and ramified if it is ramified at

some point.

mQOX,P = mP

and the extension of residue fields

k(Q) → k(P)

is separable

From

let

ι : D ↪ R

induce the morphism

ι∗ : Spec(R) → Spec(D)

Then a point p is a ramification point of the map ⟺  the prime p is a ramified prime.

Proposition: Let D be any Dedekind domain with fraction field K, L/K a finite

separable field extension and R the integral closure of D in L. Then R is again a

Dedekind domain.

Let p ⊂ R be prime, that is p ∈ Spec(R). Then

p ↦ q ⟺ f(p) = p ∩ D = q

[4]
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