
Homogeneous manifold with compact stabilizer

Proposition?: Let

G ↷
G/K

be a homogeneous manifold where K ≤ G is a closed subgroup of a Lie group G.
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The action of G ↷
G/K is proper ⟺  K is compact.

If K is compact, there is a G-invariant complete Riemannian metric gK on G/K such

that

G → Isom(G/K , gK)

has closed image and

dim
G

ker
≤ dim Isom(G/K , gK) ≤

1

2
(dimG − dimK)(dimG − dimK + 1)

Assume the action is not proper. [1]

​ Then there exists sequences {pi}, {gipi} ⊂ M such that no subsequence of {gi} ⊂ G

converge.

Now pick representatives {γi} ⊂ G such that γiK = pi

G
proper

↷ G

G ↷
G/K⏐↓proper

Thus {γi} is a subset of a compact set in G, so has a convergent subsequence.

Similarly, {giγi} also has convergent subsequence.

However, because no subsequence of {gi} ⊂ G converge, this shows the action

G ↷ G is proper. This is a contradiction.

G × G → G × G

(g,h) ↦ (h, gh)

G × G/K → G/K × G/K
(g,hK) → (hK, ghK)

proper⏐↓ ⏐↓Id×proper

By

there exists such a gK and by

we have the image closed.

Let G ↷ X be a transitive and smooth Lie group action. Then X admits a G-

invariant Riemannian metric ⟺  for some (hence all) x ∈ X the image

Gx → GL(TxX)

has compact closure ⟺  the image is conjugate to a subgroup of O(TxX).

(Myers-Steenrod) Let (M, g) be a Riemannian manifold. Then Isom(M, g) with

the compact-open topology

is a Lie group such that the action

Isom(M, g) ↷ M

is smooth and proper.

If M is connected, we have

dim Isom(M, g) ≤
1

2
dim M(dim M + 1)

with equality ⟺  M is isometric to Rn or S n or RPP n or RHH n upto scaling.

If (M, g) is complete and connected?, the action of G ≤ Isom(M, g) is proper

⟺  G is closed in Isom(M, g).

Compact-open topology on Y X

Let X be a topological space and (Y , d) be a metric space. Let K ⊆ X be

compact and ϵ > 0 and consider the subsets

Bϵ(f,K) := {g ∈ Y X sup
x∈K

d(f(x), g(x)) < ϵ}

The topology on Y X generated by these subsets is the compact-open

topology Tcpt. ∣Question

Let G be connected. Then when is

G → Isom(G/K , gK)
∘

surjective?
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