
Vector bundles over topological spaces

Given object E ∈ Top(X) which is the category over some object X ∈ Top such that [1]

Then, E is a vector bundle over X.
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topological k-vector bundle E over topological space X

E → X

A topological k-vector bundle E → X over a topological space X is a tuple

a topological space E

a surjective continuous map

πE : E → X

such that

​ for each x ∈ E, there are maps +x, ⋅x such that

(Ex := π−1(x), +x, ⋅x)

is a k-vector space

and it is locally trivial

​ for each x ∈ X, ∃(U , n, ϕU ) a neighborhood U , n ∈ N≥0 and a homeomorphism

ϕU : U × kn → π−1(U)

such that for each b ∈ U , the map kn → Eb

z ↦ (b, z)

is an Veck-isomorphism

E → X is a (finite dim) vector space object inside the category Top(X) (with the fiber

product over X) (denote the category of all such objects as Top(X)Veck?)

is locally isomorphic (in Top(X)) to the trivial bundle

Rank of a vector bundle

Morphism of vector bundles over topological spaces

Category of vector bundles over topological spaces

V eckBunkTop

objects: vector bundles E → X of rank k

morphisms: vector bundle morphisms

Pullback of vector bundles

V eckBunkTop≅(X) ∈ Set

V eckBunkTop≅ : Topop → Set∗

objects:

X ↦ (V eckBunkTop≅(X), X × kk)

morphisms:

First projection X × [0, 1] → X through the functor V eckBunkTop≅ induces an

isomorphism

V eckBunkTop≅(X) → V eckBunkTop≅(X × [0, 1])

V eckBunkTop≅(X) : hTopop → Set∗
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